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THEK^JiL  Plli’L'JQ 


1-1  Introduction 


In  this  section  sn  Investigation  is  made  of  the  feusibllity  of  utili7inc 
several  physical  effects  to  convert  theroial  energy  (heat)  directly  into 
mechanical  pumping  energy  (flow  work)  in  a  device  free  of  moving  parts. 

Those  effects  include  capillarity,  osmosis,  and  them  si  convection.  In  all 
cases  the  energy  input  is  a  flow  of  heat,  and  the  energy  output  Is  represented 
ty  a  flow  of  fluid  leaving  the  convertor  at  a  higher  pressure  >n  it  enters. 
Ths  nec  ^ess  undergone  by  the  fluid  after  it  leases  the  ronvertor  need  not  s-: 
specified  but  in  this  study  for  the  sake  of  uniformity  in  evil :  tinr  the 
power  output  ami  efficiency  vu  will  in  all  cases  assut  e  that  the  iiuld  Is 
used  to  power  a  reversible  adiabatic  turbine,  fnr  fluid  ..ill  undergo  a  cycle 
passing  from  the  convertor  to  t.he  turbine  and  back  io  the  converter  again, 
the  power  output  of  the  convertor  will  be  the  ttechanical  power  developed  by 
the  turbine,  fhe  power  input  will,  of  course,  be  the  heat  input  rate  to  the 
convertor. 


l-a  Capinarity 

The  energy  convertor  utilising  the  effect  of  cipiUarity  which  will  be 
studlad  ere  is  shown  schematically  in  figure  1*1.  ihr.  evaporator  cent. ins 
a  bank  of  n  fine  bore  ceplUary  tubes  in  parallel  each  ot  lioneter  d  and 
submergence  i.  let  the  pressure  and  tesf  raturc  In  the  conuenser  be  p  and 
T  where  T  Is  the  saturation  tempereture  cerrtsponding  to  p  .  If  ihe^ll'iuid 
level  in  the  evaporator  It  maintained  the  tame  as  in  the  condenser,  the 
pressure  p*  of  the  liquid  in  the  capilUrita  just  below  the  li')uid-vt<>«r 
interface  is  given  by 

i..u 

where  it  is  the  viscosity  of  the  il^^uid,  a  the  •coen"  c«  3*n-trrtlon»l  area 
of  the  tube  bank,  V  the  ipeciric  volume  of  the  li'iuid  and  a  thr  flow 
around  the  eyrie,  (he  eecoiat  term  on  the  right  accounta  for  th<  .<rxov:>i 
pressure  drop  in  the  capillary  bank  which  will  oominate  th*  pmiur*  low*'" 
anywhere  else  in  the  cycle.  pressure  p,  jaew  above  the  vt<)i4io-vapor 
interface  is  capillary  reUtiofi 


R  -  P' t 


±£ 

d 


(1-2) 
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where  <t  is  the  surfdce  tension  of  tne  liquia  in  the  presence  of  the  Voipor. 
this  equation  iissnaes  a  zero  ^le  between  the  meniscus  anu  the  t’>be 

Wall  dnei  consequentiy  represents  dh  upper  bound  on  the  presstare  rise  across 
the  interface.  The  pressure  uifferenc*  avaiiable  to  the  turbine  is  thus 

A  P  =  R  -f;  =  (APU. 


f^pt 


-  l£ 

d 


the  pressitre  avaiiable  to  the  turbine  if  there  was  no  fr.wtional  pnssuare 
drop  in  the  capiilaries.  ilow,  if  the  pressure  difference  is  reasonably  sasd.1 
relative  to  p  ,  it  Can  be  related  to  the  corresponding  temperature  difference 
-  T  by  the  dlapeyron  equa'  ion. 


AP  .  AT 


wtiere  u  is  1.  -  T  .  L  the  heat  of  vaporisation  of 
the  specif ie  TCigml  ofShe  vapor  at  this  temteraturw. 
be  written  In  «  more  useful  for*  »s  follows 


the  heat  of  Vaporisation  of  he  fluid  at  T  and  v*  is 


inuation  (!>))  can  now 


A 


where  (AP)^»  is  in*  value  of  of  fro*  «)U*tfon  (1*>>  cor  re  spend  In^r  to 

riM  power  output  froa  the  turbine  conslttent  wits  the  -ssueption 
u.a*.  «p  is  relative  to  p  it  (‘iven  by 


P  ••  m  ^  p  i?.. 

fhe  real  input  rate  q.  t'^  the  liquib>vat>wr  it-verface  in  the 

Cap  illary  cr. .ater  i»  <!tven  with  sufticienl  accuraoy  by 


(ari, 


t  L.  w 


wtere  t  is  th'.  thersai  ceno-.4 tivity  oi  the  Itvaio.  The  first  term  on  the 
rtchl  accounts  for  tne  antvsidaCle  heat  lea*  dowin  the  cat  illary  tubes 
nejle-tiv  icci  ♦''•Wacvlvily  of  the  Ivaet  theoeelwes.  actually  it  over- 
tstiSates  t;>i*  .Aat  Iwaw  aince  U«e  a  (ual  oT  is  less  thtn  (cT/  vut  this 


error  »(ill  turn  out  to  ba  uniisiiortant .  fhe  seeo-n  n 

the  he-t  required  to  r-ise  the  liquid  from  T  to  T-'and  ^''tu^orize 

MgUgme?"*  “  -  «'  -n“^uni  which  is  entirLy 

The  therael  efficiency  of  this  convertor  is  uefined  by 


1  ' 


1. 


which 


'  '\ja>  (l-6,  1-7,  1-S)  c*n  be  written 


(1-9  > 


I 


(i-io; 

‘  v-n.rai,ec  form  which  .a  we  will  ... 
ena  conducunee  coemcaente,  Tn-th?.'.:..  JitS  bVrhe^r:;[:i;:r.":;r:;;:^' 


p  ^21^ 
^  d*  A 


V  V- 


(1-11) 


c  .  i^p. 


..  u 


qu^UUe.  •.  k  .nd  C  »rtU  whe  on  diff-,reni  y*i„,  for  the  ct.  .reni 


f«,V  '^(yrrT 


with  t  u.«  "fi -ure  of  terii“  given  by 


-  I 


(1-1; 


;; 


(1-U) 


RC 

tdiich  in  this  case  becomes 


?  2  A  To  V-'  1>' 


The  correspoiiding  nuri'S’SE  efficiency  is  given  by 


(?) 


/TTJ  -/  (-ar) 


J~if  ->■  i 

and  is  seen,  of  course,  to  be  Carnot  limited. 


(1-15) 


(1-16) 


To  obtain  some  idea  as  to  the  possible  magnitude  of  the  efficiency  for  this 
capillary  convertor,  consider  the  following  exaiqple  using  water  at  Pg  *  1  atm  as 
the  working  fluid  with  the  following  properties! 

T  ■  100°C  V*  ■  10“^  B^/kgm  '■  0.284  newton  sec/m^ 

o  ^  o 

"  ^.26  megajoules/^kgm  v"  ■  1.6?  mVkga  i  “  0.686  watt/m  C 

Equation  (1-15)  yields  6  -  1.3  x  10^^  d^  with  d  in  meters.  Taking  lO"^  as  the 
smallest  practical  value  for  d,  8  becomes  1.3  x  10?  a  very  large  number.  Prom 
Equation  (1-16)  the  oiaxlmum  efficiency  is  seen  to  be  essentially  (4T/Tr)>.i-t  the 
Carnot  value.  In  other  words  the  dlssipaticns  associated  with  flow  resistance 
and  heat  conduction  are  negligible  if  tne  flow  is  at  or  near  the  optimum  value. 
For  this  condition  of  near  reversible  conversion.  Equations  (1-0,  (1-5)  and 
(1-16)  can  be  combined  to  yield  the  approximate  relation 


^  L  'rwn  3  L,  (1-17) 

For  the  example  data  above  an^  a  o  value  of  5C  x  lO'^  newton/m,  worke 

out  to  be  U.20  x  10’  newton/si'  (about  0.20  atm..)  and  the  corres..witai‘ng  (uT)»it» 
to  be  5.5°C.  The  thereal  efficiency  works  out  to  bs  1.484. 

hecogniting  that  8  is  much  greater  than  unity,  liquation  (1-lj)  for  uue 
optimunt  flow  rats  can  be  reduced  to 


(nn),yt,  <r 

A  1  L. 


A  T.  TA 

at  yU  V' 


4 


(1-18) 


—2  2 

which  ior  the  data  aKov*j  and  an  I  of  10  ro  yields  a  value  of  ^.061  kgin/ir '  .-iec 
for  the  o;.'tiinum  flow  rate  per  unit  oi.en  cross-sectional  are.  of  the  capill  .ry 
bank. 


llie  results  of  tJiis  example  and  two  others  usinr  uifferent  worUni;  riuiu!, 
are  sunurarized  in  Table  l-I. 


Table  1-1.  Comparison  of  Several  Fluids 


Fluid  T 

0 

p  X  10"^ 

(dp)  X  lO”^ 

max 

(^r)  ^ 

HlaX 

^"■^opt^" 

(‘^C) 

inewt/m  ) 

(newt/ui^) 

(°C) 

(;«) 

(kgnvVi'^.ec; 

H^C  100 

1.01 

O,20u 

i.48 

O.Ool 

NH^  20 

Freon  -  114  30 

8.60 

0.084 

0.3 

0.11 

o.olo 

2.53 

0.O52 

0.7 

..22 

o.oiv 

It  would  appear  that 

water  is  t 

he  best  of  the 

three 

working 

fluids  con.p:tr<- 

here,  but  it  has  one  drawback  rela  .ive  to  the  refrigerants,  namely,  the  very 
low  pressure  which  would  be  required  if  the  convertor  were  to  be  opented  tl 
near  atn.ospheric  temperature. 

although  the  pressure  develoj'cc!  by  this  device  is  rathei’  small,  it  nn  \  f- 
increased  by  connecting  a  number  of  them  in  series  as  shown  in  Figure  i-;’.  Th' 
same  flow  pc<  -.ses  through  each  member  of  the  series  but  th  ’  total  (.ressuro  r;  o 
is  increased  roughly  by  a  factor  equal  to  the  nun.ber  of  cta._.'s,  n  three  rt  i/'e 
pump  is  shown  in  Figure  1-2.  llie  relevant  h?-it  flows  aro  innic.ted  with  the 
first  subscript  on  q  designating  whether  the  j.e.  t  is  an  int  •  1.  (i)  or  an  i>  itM  t 
(o)  and  the  secono  subscript  oesignating  the  stage,  ne  note  tnit  the  h-it 
rejected  from  the  third  stage  conuenser  c»n  be  useu  to  rtifily  tne  n»'C“-:  ary 

heat  input  to  the  first  stage  evaporator.  IJo  natter  how  nany  stri.'o-  there  ar** 

there  n.ust  be  two  heat  inputs  of  laagnituae  equal  to  the  heat  of  vaj  riv  ition, 
contrary  to  the  conventional  vapor  power  cycle  case  in  which  the  neat  of 
Vaporisation,  contrary  to  the  conventional  Vafjor  power  cvole  in  "iiich  the 

heac  of  Vaporization  is  aoded  only  once.  Thus,  roughly  sjir.tki.nr,  i>  •  •  Lr  .  ru-.. 

of  this  power  generator  would  only  be  one-half  tn  it  of  the  convent 'n  .1  v.n  r 

power  cycle  (such  as  the  fiankine  cyclel  with  which  it  coupetes.  however,  thi 
staged  Capillary  power  generator  nac  one  advantage  over  the  conventional  va:  .;r 
cycle  machines  in  that  it  aoes  not  involve  a  pun.p  with  n.oving  part-'-.  1.  s.'.n 

uisaovantage,  in  addition  to  its  halved  efficiency,  is  the  snail  ano'jnt  of  :  .jw^r 
it  can  deliver  (due  to  its  small  flow  ratel  unle;;S  a  ;,re-t  numijer  of  capill  ' 
are  used. 

as  an  example  of  staging,  we,.will  consider  water  as  the  working  fluid  ..rd 
again  a  capiilar^-dijuneter  of  lO”^  m.  For  siji.plicity  we  will  assim.e  a  conn.t.nt 
Value  of  50  X  10  ^  newton/m  for  tnc  surface  tension  and  take  to  be  '^0  0 
(p  =  0.04  X  10^  newton/m^).  llie  results  of  staging  are  give.rin  Table  I- II. 


Table  1-iI.  Staged  Pressures  and  Teiqpei'atures  For  Water 


=  O.O.,  .. 

newt/m^,  \ 

“  30°C 

=  0.24 

=  64 

P2  *•  0.44 

*  ^2 

=  78 

=  0.64 

*  ^3 

=  88 

«=  0.84 

=  95 

Pj  =  1.04 

’h 

=  101 

T'.us  in  five  stages  the  pressure  is  increasea  almost  3  %t5i.  Ihe  work 
cut.i-'it  irom  the  turoine  is  equal  to  the  isentropic  enthalpy  d’-op  throiif^h  it 
v»hicf.  works  out  to  be  btu/lh,  The  heat  inputs  to  tne  fo'irth  and  fifth 
evaporators  work  out  to  be  and  98u  Btu/lb.  respectively,  ire  thermal 
efficiency  is  thus  KXJ.  Th»3  efficiency  figure  neglect.-;  the  dissipations  in 
each  stage  due  to  viscous  friction  and  heat  conduction  wiiich  as  we  have  seen 
is  vaiio  only  if  the  flow  rate  is  optimum.  Since  tao  flow  cannot  be  optimum 
in  all  stages  this  efficiency  will  be  somewhat  high,  for  a  hankine  cycle 
operating  oetween  the  same  pressures  the  work  output  would  be  the  same  but  the 
heat  input  wo^la  te  1098  btu/lb.  (gj^eater  than  980  since  heat  would  now  be 
audsa  from  30°C  rather  than  from  93"C),  yielding  -n  efficiency  of  about  16%. 

a  stagea  capillary  pump  operating  on  Freon  -  ai.'*  was  developed  by  the  Jet 
Propulsion  Laboratory'*’  for  pressurising  gas  bearings.  Instead  of  capillary 
oanks  t.iey  used  12  inch  long  glass  tubes  of  3/8  inch  compactly  filled  with 
U.U003  inch  U  glass  fibers.  They  present  experimental  e.'iaence  to  prove  that 
the  aevlee  actually  does  pump. 

1-3  OaiMsls 

The  energy  convertor  utilising  the  effect  of  osmoels  whir  .  will  be 
studieu  here  is  shown  schemitically  in  Figure  1-3*  'fhe  evaporator  contains  at 
it”  bise  a  a.embrane  of  thickness  t  permeable  to  the  solvent  but  not  the  solute 
in  a  dilute  solution.  For  exair.ple,  the  solvent  might  be  water  .n’i  the  solutr 
sugar,  the  solution  ie  confined  to  the  liquid  space  above  th<”  ir.Qn.brare  in  the 
evaporator.  fluid  everywnore  else  Is  pure  solvent,  again  let  the  pressure 
anu  temperature  in  the  condenser  be  p  and  T^.  In  the  evaporator  the  pressure 
exceeds  that  in  the  condenser  by  the  Sseotio  pressure  less  tl;a  ...cu-''!”*  drop 
through  the  mombrann  oue  to  fiow.  Thus  Equation  (1-3)  applie^  here  as  woll 
with  t  replacing  *  ano  d  now  an  effectiva  pore  uitueeter,  and  where  now 


-CRT.  (1.19) 

tne  owMtle  pressure  in  oiiute  solutions.  Iq  bquatlon  (i.-l’i),  c  is  the  molarity 
of  the  solution  (-;»  aoiutn/iiter  solution),  K  is  the  ga,  constant  (JjlL  jouls/ 
.xg.*..  mcie^K)  and  T  is  the  temperature  of  the  svembrane.  If  we  conTvne  oureelvos 
to  reasonaoly  osmotic  pressures  rei.'t Ive  to  p^  (which  follows  from  t.ne 
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dilute  solution  dssun:ption),  Ap  can  dSain  be  relateo  to  the  corresponainr  <-T 
by  the  Claoeyron  equation  (1-5)  sc  .>■  i.  lUdtion  (1-6)  follovia  as  before. 
Continuing  to  piirallel  the  previous  oeveaopment  we  see  that  aquation  (l-7)  tar 
the  power  output,  (1-8)  for  the  heat  input  rate  to  the  liquid-vipor  interface 
in  the  evaporator  (1-9)  for  the  tharnul  efficiency,  (l-lO;,  (l-':l)  and  (l-l?) 
are  valid  for  this  convertor  also  except  that  t  replaces  ^  in  liquation  (l-ll) 
for  the  resistance  coefficient,  fne  fij3ure  of  merit  for  this  osmotic  convertor 
now  becomes 


Q  =  L.  cl' 

P  ^2  JA  \J,  V-'  T/-"  ^  t  ' 

(l-i:o) 

differing  from  the  result  for  the  capillary  convertor  ny  u..?  factor  (i/t). 

Consiaering  a  -ain  p  to  be  1  atm.,  ana  taning  water  as  the  solvent, 
i<qua‘ion  (1-20)  yieios  1.3  x  10^  a‘t/t.  ihis  tiB:o,  however,  d  is  much 
smiller  than  oefoie.  A  typical  serr.i-pernieable  membrane  suitable  for  a  sucrose- 
water  solution  is  cellophane  coateu.,with  copper  ferrocyanide  (Cu^Fe  (CNK), 

Data  on  this  membrane  are  available*".  From  these  (  *t  it  can  be'^sho'wn  that  the 
effective  d  basao  on  taking  a  to  be  the  total  surf.ct  ..rea  of  the  nienbranij  and 
not  just  the  "open"  area,  is  on  the  order  of  iu”'  m.  faking  4/t  to  be  10',  B 
works  out  to  be  about  1.3  and  tne  corrosponoitv’  naximu'!.  efficiency  to  be  about 
20Jt  of  Carnot.  Due  to  this  very  small  6  value  the  optimum  flow  rate  wo'jld 
corresponaingly  bo  very  se.ali  relative  to  th*'  capillary  con/ertor.  I'hus  it 
appears  that  the  osmotic  convertor  is  (Tea  y  inferior  to  the  capillary  device 
in  regards  to  efficiency  ano  flow  rate.  I’ho  only  advanta-»e  the  osn:Ot1c  device 
has  over  the  capillary  convertor  is  its  ability  to  oovulop  substantial  presrures 
in  a  single  stage.  For  example  a  (up)  of  1  atm.  can  be  developed  with  a 
concentration  of  only  O.O3  gm  mole/llt?!^ 

1-H  Free  Convection 

The  phenomenon  of  free  or  natural  convection  is  wluely  utiV'.vi  (for 
exomple,  in  steam  generators)  to  promote  natural  flow  circulation  in  liquids, 
our  intention  here  is  to  determine  the  fe  ibiiity  of  usinr  this  phenomenon  to 
pump  liquids,  fhe  convertor  t'*  be  studieu  is  sKCtcheo  In  Fipur-*  i  c  I'he 
tank  on  the  left  is  oaintalned  at  a  higher  temperature  (!',)  than  the  one  the 
right  (T  /.  By  free  convection  the  liquio  will  oliculate^clorkwise.  a  h.v''‘mUc 
turbine  fs  connectcu  as  shown  to  nuke  use  w;  the  pressure  olfferential  and  i!t  - 
between  tits  upper  ^nd  lower  downcomer  tanas.  The  riser  tank  is  connected  to 
the  two  downcomer  v  .nke  by  horlsontal  tubes  of  ulaewter  o  and  length  i  separated 
by  a  vertical  oistance  K.  The  uiameter  of  the  Unas  is  much  gruater  than  d  sn 
tnat  the  uos«lnant  frictional  pressure  drop  will  occur  in  the  tuues.  There  will 
also  be  neat  transfer  by  conduction  through  these  tubes  from  tne  riser  tank  to 
the  downcomer  tanas. 

Considering  laminar  flow  in  the  tubes  clnce  this  will  involve  tife  least 
friction,  the  pre  .  ur*  differential  av  li.tole  to  tne  turolne  is 
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(1-^:1) 


d*- 


v:  m 


where  v  and  v,  are  the  specific  volumes  of  the  liquid  at  T  Md  T, 
respectively,  g  is  the  acceleration  of  gravity,  and  again  A®io  taken  to  be 
the  cross-sectional  area  of  the  tube  (or  tubes  if  a  bank  of  conauits  in 
parallel  is  used).  The  second  term  on  the  right  accounts  as  before  for  the 
friction-il  pressure  drop  in  the  tubes,  the  factor  61  a  result  of  accounting 
sia:ultaneciusly  for  the  upper  and  lower  tubes.  The  specific  volume  difference 
Can  conveniently  be  expressed  in  terms  of  the  expansivity  *  of  the  fluid  as 
follows 


...  -L-  -VT  - 

-  v,  T,  -  T. 

so  that  bqxition  (1-21)  can  be  written 


(1-22) 


/>p 


v; 


AT  - 


UM 

ci' 


A 


(1-23) 


wl>«»'e,  of  course,  uT  ■  -  T^. 

fhe  necessary  heat  exchanges  are  as  indicated  in  the  ifcure.  The  heat 
fluxes  q'  and  q"  are  equal  in  ougnitudei  and  if  we  assume  a  rwvenerator  of 
effectiveness  e  operating  between  these  conduits,  the  input  heat  q'  ie  given 
by 


(1-24) 


where  c  is  the  specific  heat  of  Uie  fluid.  The  heat  flux  q,  la  -..oeis.try  Mveu 
though  the  tenperatuie  romains  constant  in  t)ie  riser  tank  due  ww  conduction 
through  the  tubns  ..nu  the  fact  tnat  tho  enthiipy  the  flui'i  ch»n;es  with 
pressure,  it  nan  be  shown  th’t 


.  JHeT.n,  at 

Where  th*  fira’  terti  accounts  for  the  enthalpy  chu  ige  with  prtrs'ire  »no  th' 
seeurw  term  accounts  for  condu-  ■  Ion. 

if,  for  the  lime  being,  w-  «;.suiue  rje  ■tnerutor  a-n' liw  t  to  tv 

p' rfeftly  •effective  (e  “  1),  the  total  re » ilrV';  nw.«  input  rate  is  ann 
erficiency  beeoeiBs 
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If)  -VV»  v;  P 

f. 

(1-26) 

which  by  bquiitlons  (1-23)  (1-25)  can  be  written  in 

Equation  (I-IO) 

the  generalized  form  of 

M  W  (ol  ^  -  Rvn  ) 

^  -y-  -)•  ol-yv) 

(1-27) 

where,  in  this  case. 

»!.  =  J  H  t  T, 

(l-2e) 

«♦-“  i-v" 
d*  A 

(1-2'x) 

1 

(lv‘0) 

Th«  irfieltney  it  ^ivtin  by  &)uttion  (1-16) 


Mb«r«  notf 


I 


>/i  1-  g  -< 

■/TTJ  ^  I 


a-  i) 


(l-HjgA . 

■V7  /  I  ^  »  /4>S. 


it-:./ 


fo  oH.«ir.  to  th«  !  :»>i»lfl*  of  in<-  .  i  f ;  e-  .-••.•••  frif 

'■f.'.,  c>'hr«!<:‘.ior!  con-.rr'.or’  k«  ».iU  ("<'nxS*i*r  c«>rc.rv  r-  ‘-r 

V  r'i'v:  .'•?  .j.rj  rt  ••.«  }  roj  <na  i»*t4  ><  ir.  l-iSl. 
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Table  1-17.1.  Properties  of  Vwter  and  Mercury 


water 

mercury* 

expiinsivlty  (^K~^) 

0.20  X  10“^ 

0.19  X  10“ 

aensity  (K^yit/m^) 

10^ 

13  /j  X  lO'"’ 

viucosity  (newt  sec/m  ) 

1 

o 

ft 

1.5  X  10“^ 

thern>ui  conductivity  (wutt/m°K) 

0.6 

3.0 

hijh  teijperature  (°K) 

37.3 

450 

low  teiiij  wTature  (®s) 

273 

300 

ihe  ■  in.;  eyj  rcs^ons  for  8  ^re 

1“  18,7uO  H^d*  lor  »#*ter 
8  -  .88,000  H^d^  for  mercury 

It  uij'-sura,  tn»t  ^  l^r^e  H  wouiu  be  ocsiratj*!  (which  is  to  b* 

e.'pecteu)  .»nu  '.Uj  »  i-^r  te  tuoe  di..meter.  I'ne  tube  ui  imeter,  however,  is 
liuiteo  to  v»i..e-!  rnr  which  the  I'low  will  be  laPinir.  [he  flow  in  the  tubes 
will  ijv  111,  i'!»r  only  if  tne  ueynol'is  njn.ber  is  »i'i  ropriwtely  snull.  fhe 
i»eynol‘Js  “-ttr  -r  is  si'iscn  oy  he  ■  nc/au  wrw  will  r  ve  its  greatest  vulue  when 
fc  hut  Us  jrsAtest  vwiue.  rrom  ojuation  U->3)  “t  ‘  •  that  the  ntoximum  » 
corre-i;  sr.is  t,  v.nisiiin.,  ires?ure  uifferer.t i..!  ind  thu^  is  fiven  by 


^4  /^~7~v;‘ 


(103) 


I'he  c >rmsf<inclni  fieysoiCi  titeber  which  is  now  really  «  uriaheff  nupber  becomee 


c,  -  Me  cl*  4T 

6^  ^  A»*  V-/  (1-30 

hvr  ovr  r-’i  r»«-v*.t ‘  v--  fi-Uds 

3r  •  3  *  lo''  MdV*  fur  vaisr 
Or  «  3.8  «  MdV*  for  Mireury 

In  the  Interest  uf  ewsonwbie  physic. l-stt«  we  will  artitrurilv  set  H  end  i 
e«i'4ii  to  i  teter.  Letting  u  e^uul  10~*  »  for  w.ier  end  2  x  10*'  a  for  mercury 
the  Orwhi»rr  rurren  become  3(XX'  end  2880  reepectively .  be  will  aes<M  that  at 
ths  .e  tr  ..-u:  r  nurbrri  ihe  flow  In  the  tube*  Is  etiil  i.i»‘n*r  but  Juel  barely 
»o.  thus  ti.e  «:^tsr  ri,;ur«a  luoteu  atvve  reoreaeni  the  ewxieumc  allowable 
;or  owr  .  -  uwaf  i  o.  rr.tin^  evneitions.  It  irjei.r*  then  that  very  small  l\Ao*  are 
nweeaaary  wnivh  «l  *  i  r^cer-ltaiv  tube  b  .sas  ii  a  ;.r».-tir.l  aeount  of  flow  it  W 
be  ,  roviOeii. 

;c 


llie  figures  of  niorit  for  '.li*.'-  idns  irt  1.^?  f.-.r  u^ter  >n  (  0.752  for 

n.ercury  .»n<l  the  coriesi  onuinr  t  r.-rr  ■  --f'-i :  wi  out.  t.o  rf*  i-.-ii  for  witer 

ana  4.t)A  for  Bierct-ry.  tnfort  ,r.  .t .  j  v,  !':j:ies  ir*'  noi.  r".il:  .tir-  '.irce-  they 

are  b.ise(i  on  the  regenerator  iw-r.--  ;:,  M-i.'-.'-  urit.y  I'^u  ;  cut  tti-.t 

even  siiiaii  oeviation?  frcri.  n”  tv  ]•  in  nrc  tio  reu  cMor  In  :t  ti  .1 
efficiency.  For  exattole,  eve'-  if  -  i*,  as  ;.j.  r  o.yy  ti  .•  i'  torii  c  r;  l.'t.vly 

aotiinctes  the  tern,  anci  the  ti.-r;  .<l  eft  ici  '  ci*  f  .s  u.':'  i  >  o  fcni. 


V'. 

Z  ( I  -  e  )  A  j 


whlcn  froBi  &^uation  (1-23)  neglect’ r.,-;  friciinr.  •:"»  lr'-i,v  ’’e  .r.-s  to 


_ 

(1-36) 


.•ow,  the  specific  heats  of  water  anc  iaere..ry  are  aco;  .  i  arx!  ItiO.Joule/k -n^K 

r«a;.eetlvel.v,  resultinr  in  efficiencies  of  roujhly  5  x  lO"'  ana  IC”"^  res|eetivt  ly 
for  an  e  of  0.99. 


fhas,  it  apt^ear*  that  jutfln-  ey  the  rvrnini-n.  of  frtt  f.'.''.'»ciion  is 
coeipletely  iepraclicai  free.  »n  effiei-nry  juS''  ri‘  view  an-  ceulJ  ocly  becot.^ 
yractical  if  au«.«  for*,  of  artificial  i'raviiy  of  very  hi-h  int.ef  iiy  .y,  10'  ‘t 
were  avellable.  tlte  eonclasion  witi.  re:^i*ct  to  fueipint  •■as»s  by  this  Rea.ns 
i»  the  »*iM. 


1>J 

It  IS  OUT  feeling  that  of  the  three  effects  conslrterwi  in  tui  .  ti-'n 
only  one,  the  capillarity  cone.trtor,  is  worth  further  eorsioervt  io“  «e  w-'* 
liw*  to  extend  our  theoretlcel  analy-:is  of  this  device  ano  to  unoti  .a**  «n 
txperlsentel  inveeti{tatiwn  of  it. 


U 


Hi!iferenc«a 

-Kk  10  Jet  Propulsion  Ubor.»tory,  P-sa.en.*,  -alifor  -  > 

1.  Beaearch  Sunanary  No.  36-iO»  Jet.  rropiu- 

September  1,  1961. 

An  Flassit-keiten,"  /eltschrift  fur  Physikalische 

2.  R.  Haase,  «Ihermoo^se  in  Fl«sig*« 

Chemie  PranKfurt,  21-22.  p.  2U  U9591. 
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f<omencl.iture 


*  “  open  ci'oss-scctional  areci.  "  ^  in«  'ojinK, 

c  *  molarity  of  solution,  gm  solute/llter  solution 
c  *■  specific  heat  of  fluio,  J<:ule/kgm°K 
C  >■  thenuil  conductance  of  fluid.  Joule/sec 
d  '  tube  diameter,  ■ 
e  •  t''fectivaness  of  regenerator 

2 

5  ®  acceleration  of  gravity,  m/ser 

Or  “  Grashoff  number 

H  *  height  of  riser  tnut,  a 

it  ■<  length  of  tubes  or  uepth  of  solution,  m 

L  ■  heat  of  Vaporisation  of  fluid,  joule/k(yh 

p  ■  etass  flow  rate, 

n  ■  nun  oer  of  tubes  in  tube  bank 

2 

p  "fluid  pressure,  newl/a 

f  "  power  out)  ut  of  turbine,  y^ouit/see 

q  ■  heat  flus  rale,  JouWtec 

R  ■  visccus  rv'i»tanee  of  flviu,  juuie  -S'e^a  i;' 

k  •  const  vn*  .  Joule/kge.  *i>.ie'’u 

he  •  heynuldA  n.»*er 

I  •  thicenets  of  Mretraoa,  !. 

T  •  fiui>’.  tee,,  rr-'  tr*, 
e  •  e^ectfic  vlume  of  fl-iid,  aVko 

«r  •  co'cplin  ■  cael'ficjcnl,  ,toule/Kos 

•  "  fi  -ire  of  a»rtt  of  cu*«»erU>r 
e  •  esp-an.ivlt.  of  'tuid, 


T1  -  th'srnail  efficiency  of  convertor 

X  =  therjal  conouctivity  of  fluid,  watt.Cl 

,  2 

u  -  viscosity  of  fluid,  newt  sec/ a 
a  *  surfakce  tension  of  liquid,  newt/® 


U 


Jt 


TURBIWE 


f'  tf>  1-4.  ScMHwl  Ic  «r  Oeft*«njr 


Section  2 


THfifiMO£L£CrK^t-i-. .  AVUGNmC  PUKPINC 


2-1  Introduction 

Bf  aalntainlng  tho  Junctions  of  u  circuit  Mde  up  of  tara  dissinll^r 
•dtsriuls  different  tenperetuK-es,  *  current  is  eeused  to  flM  in  the 
circuit  by  the  theraoelectric  effect.  In  s  recent  publication^  Rex  proposed 
using  this  affect  to  puap  liquid  netuls  hjrdroasgnetically.  In  his  propose!, 
the  vmUs  of  e  ciwnnel  of  rectenguler  cross-section  constitute  one  leg  uf  s 
therausioctric  circuit  end  the  liquid  flowing  in  the  chi^nnsl  thr  other.  IWo 
ocpo:.i.  j  wwaiis  of  the  chennel  ere  i  luXeted  froa  the  fi>.ia  while  the  other  two 
wells  ere  not.  If  one  of  these  letter  two  wells  is  iieeted  end  the  ether 
cooled,  e  theraoelectric  curre.tt  is  genereted  which  would  ,«ss  through  the 
fluid  ecross  the  chennel  between  the  heeted  end  the  cooled  wells.  If  now  e 
swgnetie  field  is  iapressed  ecross  the  ctunnel  between  the  insuleted  wells,  it 
will  interact  with  the  theraoelectric  current  to  produce  e  Lorents  body  force 
on  the  fluid  oirweteu  elong  the  chennel.  thus,  e  theraoelectrieelly  powered 
hyoroaegnetic  puap  hes  been  constructed,  ihie  puBp  differs  froa  convcntionel 
hydroBegnetic  puaps  in  thet  the  current  is  obteine'  Croa  e  theraoelectric 
circuit  coapostd  of  tne  chennel  wells  end  ths  flui  >  e'i«  reiher  then 

froa  en  exlemel  power  supply.  The  energy  input  is  thus  themel  rather  then 
electricei.  It  is  obvious  froa  the  brief  description  jtiven  ebove  thei  the 
asrits  of  ucn  e  pusp  will  tv  greetly  dependent  en  the  Se*eriels  selected  for 
its  construction  end  on  the  fluid  which  is  pusped.  fhe  per.’oratnce  of  Hex's 
puap  wes  perticulerly  poor  beceust  he  seler'ed  iron  for  the  p«ap  wells.  In 
eoditlon  to  leeding  the  aegnstlc  lines  of  force  around  the  fluid  end  thus 
dialniahing  the  Urents  force  to  e  negligible  value,  iron  hes  «  very  mell 
deeoeck  coefficient,  the  low  Seebecx  coefficient  will  preduee  e  mtli  current 
further  reouclitg  the  puap's  output. 

*e  will  extend  ^tx*s  wotk  deriving  en  eeprebsion  for  puap  erficieney 
which  he  did  not  do,  msa  by  opUaising  puap  geoaetry.  Furtheraore  we  will 
snow  the  inportonce  of  aetcriel  selection  on  puap  perforasnee  by  >,oneid<'ring 
both  Mtel  end  seaicoiwtueting  wells. 

Figure  2-1  shows  e  scheastle  of  e  hydroaegnetlc  uuap.  For  the  nonent  ■. 
smas  that  the  trenirorse  electric  curren’  is  eupplied  by  en  esteme)  r«rf*nt 
eource.  Hm  tr«nsveroe  aegnetic  field  is  in  the  *y  direction  end  the  electric 
current  it  in  the  s  direction.  Flow  is  in  ^  direction.  In  our  enelyeio  of 
the  hyiirnaignstir  p«m>  we  eseuae  the  follewingi 

il)  The  Hell  effect  is  negligible. 

(2)  ftiere  ic  no  frictiorul  pressuro  drop  in  the  puap. 

p)  (ho  horlTontei  welle  of  tho  puap  chennel  «ro  oloctrieelly  conductlnf 

\e>  (ho  inner  eorticel  welio  of  the  puap  chaswMl  ero  eloc'rlcelly 
insuleted. 


We  now  write  Ohm's  Ic.w  for  a  conducting  fluid  In  a  magnetic  field  as 


J-g  -  (T"  (  Es  t  U  b)  (2-1) 

and  the  electric  current  may  be  expressed  In  terms  of  the  current  density  as 


I  * 


(2-2) 


while  the  electric  field  Is  given  by 

(2-3) 

The  volume  rate  of  flow  through  the  puny)  is  sisvily  the  velocity  times  the 
cross  sectional  area 


Q  =  wr  A.  lA 


(2-4) 


Combining  Rquatlons  (2-1),  (2-2),  (2-3)  and  (2-4)  we  obtain  an  expression  for 
the  electric  current  where  we  have  replaced  the  conductivity  with  its  reciprocal, 
the  resistivity 


1  = 


i!  u/- 

fA 


- 


Q 


(2-5) 


which  may  be  rearranged  in  favor  of  the  voltage  to  yield 


R;  I  t 

(2-6) 


where  R.  *  hpV(4w)  the  electrical  resistance  of  the  fluid. 

We  may  Row  write  the  force  eq.  «tion  which  balances  the  pressure  r.  «•  ; unit 
length  in  the  pump  against  the  iorents  force  as 


-  '‘p/j  '  }l  P  =  0 

*  p  =  (-S )  I 

(2-7) 


Let  us  now  consider  the  thermoelectricall;'  powered  hyUrMuagnetic  pump, 
we  replace  the  b..bery  with  a  heat  sov/ce  along  the  boltoet  of  the  ch*nrel  and 


a  heat  sink  along  the  top.  The  thenioelectric  current  now  passes  through  the 
fluid  and  the  walls  as  Is  shown  ‘n  figure  2-2.  We  make  twu  further  assumptions: 

(5)  The  Peltier  heat  Is  negligible. 

(6)  The  Joule  heat  generated  in  both  the  walls  and  the  f''iilci  is  dissipated 

to  the  atmosphere. 

The  voltage  istpressed  on  the  fluid  by  the  themoeleetric  effect  is  the  Seebeck 
voltage  minus  the  voltage  drop  in  the  walls,  thus 


A\r «  -  I  Re 


where  the  wall  resistance  la  R 
device  is 


^  .  K  aT 


The  hsau  transfer  Q.cross  the 

(2-9) 


where  a  is  the  thermal  conductance  of  the  fluid  p'us  the  thenaal  conductance 

of  the  walls.  The  fluid  thermal  conductance  is  i  "  \^wi/h  and  the  wall 

thermal  conductance  it  k  *  \  2ti/h.  *' 

o  o 

Ihe  roltage  across  tite  fluid  re:(uired  by  the  hydivX'sgnetic  effect 
(Iquation  2-4)  in  the  fluid  must  watch  the  voltage  due  to  the  thervneleetrle 
effect  (Equation  2-R),  thus 


R,  T  .  (4)0  .  -  IR. 


or  in  terms  of  the  .urrent 


ai  AT  "  }P 


I  - 


R  {2-10» 

where  h  ■  h  ■*  R. .  We  s;ay  nv  substitute  hquation  ii-lUj  into  2'  (2-7) 

O  4 


B  (  •(  T  "  9  1 
'^1  R  ) 


u-li. 


Qte  pumpins  power  output  le  the  product  of  the  pressure  rise  ano  the 
v.>iuKS  flow  rate,  thus 


v.>i2) 


M«  skiy  nov)  find  the  flow  r<ite  th<t  maxiirizes  the  power  output  by  taking  the 
derivative  of  liquation  (2-12)  wiui  .  ..  ct  to  4  and  setting  it  equal  to  zero 
to  obtain 


r\*  - 

“  2  B 


(2-13) 


i.'pon  substituting  luquation  (2-13)  into  £iiuation  (2-12)  we  obtain  t.ie  Daxiaun. 
pun, {'jpg  power  for  a  given  value  of  h 


P  = 


(2-14) 


ono  the  corresponuing  theroal  efficiency  is  obtaineo  t/  combining  liquation 


nuing  ti 
(2-14)  and  kquation  (2-9) 


4  ’r  K 


(2-15) 


ihis  Is  t.ie  MJM  result  that  Is  obtained  for  •  thennoeitt'trie  generator 
operating  at  otaoimuei  power.  Otis  Is  to  oe  exj’.ecteo  as  the  hydroiugnetle  part 
of  tn«  punp  auds  no  aouitional  aissipatloi  end  we  have  neglected  friction. 

*e  coy  further  increase  tne  thenwal  efficiency  by  uking  the  Ra  product  «s 
S8.ail  as  possibls.  ao  fons  tht  Hh  product  as  follows t 

(..-16' 

unu  toAS  tne  uerivalive  of  it  with  respect  to  (wt/w)  a,'.d  set  the  result  equal 
to  sero  to  obtain 


>to  that 


j 


‘  ^ 
\.r^ 


(2-17. 


(R •<)„,„=  IfA.r.j*  .(A.r’j 


K 
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(2-W) 


I«ie  may  now  find  the  optimuEi  values  for  the  eiectricul  resistance  and 
thermal  conauctanco  by  start!;  ,  their  definitions 

R " )  K  =  K;(i  +  |=; 

ana  then  sujstituting  the  definitions  for  R. ,  H  .  K.  a:id  K  *  ihe  optimum 
value  of  (^t/w)  Can  then  be  placeu  in  the  results  to  obtaiH 


R*  =  R;  ( ; 


(2-19J 


K’ = K.  ( I  -  ) 


(2-20) 


The  ma^dmuB  efficiency  Uuy  now  bo  found  by  substituting  the  minimus,  value  for 
the  iuv  product  in  the  efficiency  expression  for  maximuit  punping  power 


T 


4  [yoT  ]* 


(2-21) 


fhe  shut-off  or  sero  flow  pressure  rise  can  be  found  by  i>»aifig  0*0 
in  «)Uatlon  («-lU  to  ooUln 


(aP),.. 


Ba  aT 

W  R 


(2-i'2) 


eno  the  short  circuit  or  sero  preteurt  rise  flow  can  be  found  by  eeMlng 
up  •  U  In  equation  (l-ll) 


(Q  } 


Mf  *(  aiT 


(2-23) 


nte  pressure  rise  that  is  obtained  at  efriclcncy  .e  obtained  by 

eetlln^  <t  “  K*  in  bt)Uiitlon  (2-:2)  as  defined  by  Equation  (2-19)* 

«e  note  that  Oie  pretsure  rise  is  -.Inoarly  dependent  on  B  while  th>  flow 
rate  is  Inversely  etandent.  tliue  the  maslixMi  pusdilng  potei  and  hence 


afflciency  is  Indapandsnt  of  B  oiir  sssxunptions.  We  further  note  that 
optimum  pressure  xlse  for  maximum  puw.-  output  is  one-half  the  zero  flow 
pressure  rise  while  the  optimum  flow  rate  is  one-half  the  zero  pressure  rise 
flow  rate. 


2-3  A  Metal  Wall  Punm 

For  our  first  oxas^le  we  choose  a  pxsDp  that  uses  walls  made  of  eonstantan 
(60  Cu.  40  Ni)  which  i^  used  to  puap  sodluB.  We  assume  a  temperature  difference 
of  300  u  (lOO^'C  to  400' C).  The  eonstantan  has  the  following  properties' 
evalu^t-j.i  at  the  average  temperature  250°C> 

»  ■  -60  X  lO”^  volts/^C 

0  _z 

44  X  10  ohm-cm 

O  1  A  * 

\  -  0.27  watts  cm  - 
o 

This  yields  a  thermoelectric  figure  of  merit  (er^/xp)  of  3«0  x  10~^  at 

250®C. 

The  sodium  is  assumed  to  have  the  following  >  pertiesi 

*  negligible 

■  10  X  10"^  ohm-cm 

•  0.83  watts  em‘‘-®ll“^ 

For  our  pump  geometry  and  magnetlo  flux  density  we  assume  the  following 

w  ■  I  om 

h  •  3  «■ 

i  ■  >  cm 

8  <■  3  Xltogauss 

For  the  at^usws  properties  the  pump  has  an  opttmva  resistarMj|  of 
13.2  X  lO*^  ohms  and  an  t^timum  thermal  conductance  of  3>05  aa*i«  X.  Using 
these  values  we  finu  a  aero  flow  pressure  rise  o'  0.40  abiosphere  ($.8  psiT 
and  a  ssro  pressure  rise  flow  of  0.6  litere/sec  U.27  ftVBin)*  ^  meirtsw 
putplng  power  ie  6.2  watte  anw  the  energy  eupplied  ie  915  wette.  Ttie  thermal 
efficiency  for  thie  device  ie  u.67  per  cent.  iHe  optimum  wall  thieUiaaei  t, 
it  1.84  cm  (0.72  Inchee).  Ihis  pump  reprr sente  at  ieaat  a  5j  par  ceat  Impa-^'va- 
ment  in  performance  over  the  one  propoeed  by  hex. 


A  aili  £wc 

Conaidersble  ii^Mroveesmt  Ln  pump  performance  can  be  Siade  by  eh«>oeing  e 
material  with  even  better  tbereoelectri >  prspertiee  than  coostantaa.  Ihooo 
eealconductore  which  have  fuund  application  in  power  generetiod  eppeer  to 
the  east  likely  candidatee  to  eootribut''  to  »re  efficient  p*.«pe.  *  imterlal 

which  appears  pr<  taing  in  this  reaper,  ie  the  urnary  compound  agSbto.  whieb 


22 


a 


3 

has  been  exulnsd  by  Rosi,  Hockings  tnd  Lln'lenblad  .  Using  the  same  temperature 
dltference  as  In  the  metal  Mail  case  tnc  serial  has  the  following  average 
properties. 

-  -WiiO  X  10~^  volts/’c 

®  -3 

“  4.5  X  10  ohm-cm 

X  -  7.1  X  10"^  watts-cm"^-°K'^ 

0 

lliis  gives  a  theraoeleetrie  figure  of  merit  (o^Ap)  oI  1.8  x  10~^  at 

250®C. 

Using  the  S.AS  geometry,  magnetic  flux  density  and  properties  for  the  sodium 
we  may  now  calculate  the  perfonance  of  this  puip.  Ws  begin  by  calo'olating 
the  optimimi  wall  thlcknass  to  che.inel  width  ratio.  In  this  "ase  it  is 

(4)* 


which  is  a  ccmftletelj  unrealistic  answer.  This  woult-  .eoulre  a  wall  thickness 
of  115  cm  on  each  side  of  a  1  cm  ehannell  Nsverthssless  if  we  could  build 
such  a  pump,  we  would  find  a  e^t  off  pressure  of  1.22  ats  (18  psi)  and  a  tero 
pressure  ns  flow  of  7.2  liters/eec  (15.2  ft  Vein).  The  thorsid  efficiency 
is  5*29  per  cent,  he  examine  the  effect  of  wall  tJsickness  u.  shut  off  pressure, 
pvapiag  power  and  thermal  efficiency  In  Pigur*  2-3  >  be  note  Utat  performance 
becomes  particularly  poor  when  wall  thickneas  dropa  down  to  a  centimotor  or 
eo.  It  is  interestii^  to  noto  that  if  ws  aaks  ths  walls  1.84  cm  thick  which 
is  ths  same  thicknese  at  was  found  to  bo  optimum  in  tho  eonstantan  ease,  the 
eemieonduetor  p«p  ie  lees  efficient  and  hae  a  lower  shut  off  pressure. 
Smgardleee  of  wall  thickness,  however,  the  flow  rate  ie  graitly  imp  ,>ved  by 
going  to  a  eoelcondwtr'r  wall,  in  fact  it  improves  in  our  oxampls  nearly  1200 
rent .  Lower  (2t/w)*  ratioe  would  be  obt^ned  if  the  fluid  and  th'  pump 
wail  flwterlal  did  not  Iwve  aueh  disparate  proportlss.  Thl«  situati'  .  usuld 
exist,  for  oxempio,  it  wo  were  to  coneider  the  pumping  of  liquid  fconcuetsre 
eueh  me  molten  ealti. 

as  in  the  caee  of  the  thsreooloe?  xlc  generator  the  pump  efficiency  'ct 

directly  related  to  the  overeii  figure  or  merit  of  the  fluid-wall  csehination. 


Ibap  performence  ie  improved  ceneiderehly  by  chooeing  materla's  with 
high  Indexee  of  performence  eueh  ae  a  metal  like  eonstantan  or  a  somicoixiuctor. 
liten  tiw  fluid  properties  are  greatly  different  from  the  wall  pr^*rtl*>  then 
umreaUetic  valnee  for  the  optimum  wall  thleknoes  to  ehenwl  width  ratio  art 
obtained.  This  ty;^e  of  pMip  might  find  application  in  a  situation  whare  con- 
tamlmatiott  Of  tba  pump  or  tho  fluid  must  bo  aveidad  and  wbare  large  heat  fluxa* 
art  eeeaomioelly  evaJ'.sble  eueh  es  around  jueloar  reactors.  Bscauss  it  hss  no 
swvimg  parts,  it  wo'‘.a  t  ways  be  evailabl,  for  p«aq>ing  ths  hast  tranafet-  f.uld 
im  ease  of  a  raaciAr  ontrgancy. 
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B  >  BKgnttlc  flux  density,  £<:  i” 

S  ■■  electric  field,  volta/ca 
h  «•  pmp  ch4nnel  height,  cm 
1  *■  electric  current,  a^)s 

2 

J  electric  current  density,  saps/ca 

m  ^  tnerasl  conductenee,  wutti/deg  C 

I  ■>  puap  channel  length,  ca 

2 

p  pressure,  dynes/ca 
P  -  punping  power,  wstta 
q  *  heet  tninsfer,  wstta 
Q  "  flow  rate,  litera/aec 
I  ■■  electriesl  reaistsaeo,  ohaa 
t  «  ctwnael  wall  thiekneae,  ea 
T  *  teaperature,  deg  C 
u  "  fluid  weloeity,  ca/aee 
V  «  voltage 

w  ••  puap  chani.el  width,  ea 
X  *  eoorainsts  In  the  dlreetlen  of  fluid  flow 
y  ■■  oworainste  in  direetioa  of  aegaatle  field 
a  *  coordinate  in  direetioa  of  eleetrie  eurrent  flow 

•  ■*  Seeheefc  e«4ffieioat,  volta/deg  C 

a  increasnt 

1|  *  theraal  efficiency 

X  ~  therasl  eonduetivity,  twatta/ea-deg  € 

p  •  electrics*  rev  ativity,  ol»  ea 

■  electr.'csl  coflduetivity,  (ona-ca)"^ 
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2-*.  ite*  Pu«rp 


Section  3 


ELECThOKIK&iik,  SJUSiCr  CONVERSION 


3-1  Introduction 

kihen  en  electric  field  is  iif^ressed  on  e  fluid  electroljrte  in  a  fine 
capillary  tube  and  no  flow  is  peredltted,  a  preseui\.  differential  •ippearn  betinen 
the  ends  of  the  tube.  Conversely,  uhen  a  pressure  .gradient  is  inpressed  on 
the  fluid  and  no  elertrlcal  current  is  peroitted,  an  electrical  potential 
difference  appears.  These  are  the  so-called  electrckluatic  «rfc...s  first 
studiuu  \n  any  denadl  by  Nelaholts  in  1879'^.  In  the  <'iret  of  these  effects  if 
ric-  .a  paraitted,  a  conversion  of  electrical  into  punping  powci'  can  occur  and 
in  the  second  if  current  is  pernilted,  the  reverse  conversion  of  piaping  into 
elecLrical  power  can  occur,  ae  are  interested  in  the  tko: ^..dynanies  of  these 
energy  conversions. 

Dm  electrokinetic  effects  are  believed  to  be  brought  about  by  the  cechanisn 
of  selective  ion  absorption  on  khe  tube  wall  leavityt  a  nai  charge  density  in 
the  oulk  fluid.  The  electric  field  acting  on  this  net  charge  develops  a  body 
fores  which  acts  counter  to  the  pressure  force.  I  .Ms  nsehanisn  ths  spplisd 
voiUge  "inducts"  a  presaure  oiffsrential  in  the  puavdiig  node  and  the  applied 
pressure  "induces*  a  voltage  oiffcrential  in  the  generation  node. 

It  i.  the  purpoee  of  this  section  to  present  an  amlaMn  of  sltctrokinetie 
ansrgy  converaion  to  establish  ths  feesibillty  of  operstlng  Utviees  on  this 
principle  to  either  punp  fluids  or  geiwrsu  elsetrioal  power. 


3-2  rtieoiiM  iteot 

a  schehatic  of  in«  elertrshinetic  entrgy  convertor  to  be  studied  Un 
sUedy-tUU  oper'tiani  in  this  svetioh  is  shown  in  figure  >1.  Xt  ie  shown 
converting  electrical  power  to  punpiiyi  power  (the  punplng  node/.  i-wverse 
conversion  (generation  node)  will  be  eonsideree  Inter. 

Ths  lube  bank  oonsiets  of  n  parsUcl  fine  bote  eapiiXsry  tubre  of  length 
t  and  inaide  rediua  r  •  fsrous  elcetredec  arc  placed  at  either  c**w  r*  .he  tube 
banh  and  ceraweied  axtemaily  t.  a  power  supply  (peibepi  a  d.e.  |p>nsratar  as 
shown)  which  nalntalnc  a  higher  volUgc  on  ths  left  electrode  on  the  : 

In  the  reverse  conversion,  of  cource,  the  ;^*’sr«U>r  would  eci  ae  e  wcfcr 
fluid  flow*  throccM>  the  tdbc  bank  Iron  left  to  ri^t  et  a  velene  flew  rale  v) 
Itavii^  at  a  higher  pressure  than  it  enters. 

Ui  the  eeleclive  i»n  absorption  oechaniw  esUhlirii  a  charre  density  s 
within  the  tubes  ail  of  which  are  aesuned  to  behave  ideotieaaiy.  The  charge 
denaity  wii)  be  a  function  of  r  the  rsdU)  poaiUon  within  Ihe  individusl  tubes. 
If  the  tnbe  walls  reserve  sere  negative  ions  IhM  positive,  the  charge  density 
will  t«  positive  ahO  vice  versa. 

if  iaiinar  fir  is  asswoed  in  the  t  ^s  (to  be  verified  .'sUr),  the 
feilowing  nanentwh  esuatien  a^t  be  sali-  ‘ied 


(3-1) 


Mb«r«  X  im  th«  «x1a1  potliioa  in  tub*  (Maaurud  tnm  th«  left  and  of  th« 
tub*  b*nk)t  r  tb*  radial  position,  p  tb*  fluid  prassura,  K  the  oleetric  field, 
H  tb*  fluid  «l*co*it/,  ud  u  tb*  fluid  ralocity  in  tb*  x  dlractlon. 

lit*  eh4iK*  duaaitj  1*  r*lat*d  to  th*  *lsctrlc*l  potontial  V  in  tb*  fluid 
by  Toisson's  •qration 

-  (t  vy 

t  '  l-k-HS 


ubara  •  i«  th*  p*f«ltti«ity  of  tb*  fluid.  If  P  1*  ***u—d  ind*p*nd*nt  of  x, 
tb*a  f  auat  b*  of  th*  fom 


^  A  t  r  r ) 

tdkieh  •tlpuint**  *  linMr  rariatioa  of  <p  with  x  but  do**  not  rastrict  it*  r 
variation.  Xquation  (3-2)  aow  yield* 


?  - 

Hm  ol*«trle  field  i*  cl*«n  ^ 


(3-4) 


£- 


-iSf 

J  X 


05) 


Substitutiof  h^tetion*  (3-1)  and  (3-5)  into  hquatien  (3-1)  Uwr*  raouli* 


i. 

dr 


i3-*) 


InUsratiat  h^mtioo  (3*^)  one*  vitb  r**p*et  to  r  and  vaint  Um  llMt  « 
•ad  f  ar*  both  raouliy  oinBevrie  to  •liaimto  too  inUieraUm  •onstoat  u* 
ebVain 


a  r  ^ 

3 


JO 


(3-7) 


Integratliig  4£«ln  with  r«sp«ct  to  r  than  nsulta 


J4iA 


I"*" 


r‘  dE 

Ar  e/X 


(3-e) 


iha  ir.tagration  eonatant  C.  md  ba  ev^luatad  froa  tha  condition  that  the 
valocit/  on  tha  wail  ia  tan.  thus 


(3-9) 


Mhan  t  is  tha  value  of  9  on  tha  tuna  wall, 
o 

Iha  fiow  rata  through  tha  tuba  bank  ia  found  by  integrating  iSquation 
(3-9)  according  to  tha  definition 


1/  5  i  n; 

than  nauit. 

V  •  2  n:  •'1 


y\  J, 


Mi  a  /  H/* 


(3-iO) 


(3-U) 


$inea  v  Mat  bo  inde.*«an.aat  of  a  lu  continuity  it  ia  evident  that 

iL  -  cl 

<!%  '  ~~l  (3-W) 

Xaaarting  fiction  (3-U>  into  Iky  %tion  (3‘‘U}  and  rearranging  «*e 


013) 

ubara  A  la  Uw  total  eraaa-oectional  area  i^-r  ^  available  to  the  floe. 

S^tion  013)  indie  oa  that  tha  preaaur  ■  rlae  threu^  the  >lectrvkl*n;.lr 


converter  is  equal  to  the  pressure  "induced"  by  the  applied  voltage  less  the 
pressure  drop  due  to  viscous  i'.'lor  in  the  tube  bank. 

Me  now  need  to  relate  the  current  to  the  same  two  variables,  and  v. 
The  following  form,  expressing  the  fact  that  the  current  i.:  the  sum  of  a  con¬ 
duction  and  a  convection  component,  is  appropriate 


i  -  C  t  cL  -t/- 


(3-U) 


where  C  is  the  electrical  conductance  of  the  fluid  (measured,  r.f  course,  vuider 
tions  of  zero  flow)  given  by 


T  J 


Z<jI 


(3-15) 


with  o  the  electrical  conductivity  of  the  bulk  fluid  and  o  the  surface  con¬ 
ductivity  of  the  tub<2  walls.  The  factor  o  can  i  e  found  most  directly  from 
tho  Onsagei'  relation 


\  Atp  /\fil  o 

N-  ^  Lp  SI 

(3-16) 


which  from  Equations  (3-13)  ^  (3-14)  Implies  that 


o( 


(3-17) 


This  result  can  also  be  obtained  from  the  analysis  thus  far  pra-ertea  in  this 
section  by  observing  that  t4«a  current  corresponding  to  4^  «  0  purely  con¬ 
vection  (no  conduction)  and  eoneequently  can  bo  expreseed  by 


r, 

P  u  r<^  r 


(3-18) 


where  p  is  given  tgr  aquation  (3-4)  and  a  by  tho  first  term  of  idquatlon  (3-9)< 
tarrying  out  the  required  integration  loads  tu  an  SJiprwssion  for  1  which, 
when  divided  by  the  folums  flow  rate  oorreeponding  to  dtp  *  C  yields  the  easw 
result  as  ex|>r  :  ..ae<i  by  Equation  (3-1/ )• 
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BnCdpitulating  the  results  to  this  point,  the  electroklnetlc  convertor 
operating  In  the  pumping  mode  is  governed  by  the  rollowlng  equations 


Ap  =  JL  -  R-lT- 

(3-13) 

i  ^  c  -t-c^  V 

(3-U) 

where 

R- 

r//\ 

(3-19) 

and  or  and  C  are  as  defined  by  Equations  (3-17}  and  (3-l>)  ro::>^ctively. 

3-3  M  generation  Mode 

In  the  pumping  mode  considered  above,  through  thn  tube  bank  the  pressure 
increases  in  the  direction  of  fluid  flow  and  the  vol'  ,  decreases  in  the 
direction  of  the  current.  In  the  generation  mode  to  be  esnsidered  now,  if  the 
flow  is  maintained  in  the  same  airection  as  in  the  pvwping  mode  the  pressure 
will  decree's*  rather  than  increase  and  l**  the  current  is  ;>vlnt«loed  in  the  saam 
direction  as  in  the  pumping  mode  the  pressure  will  dacrea»>  *  .ther  than  increase 
and  if  the  current  is  oaintainea  in  the  sane  direetion  the  voltage  will  increase 
rather  than  decrease.  If  we  redefine  dp  and  as  this  pressure  drop  and 

voltage  rise  respectively,  iM)Uations  (3-13)  und  (3-14)  ••  applied  to  the 
geneiN.«.ion  snde  in  this  new  notation  become 

AP  ^  +  /?  V 

(3-20) 

t  -  -  C  't-  Jl  \r 

(:-2i) 

or,  as  rearr.ingeo  to  interchange  inputs  and  outputs 

(3-22) 

1  B 

^  'RC  M' 

(3-23) 
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where 


(3-24) 


aad  a,  R,  and  C  are  as  defLned  previously.  Equations  (3-22)  and  (3-23)  con¬ 
stitute  the  governing  equations  for  the  electaroklnetic  convertor  In  the 
generation  mode. 


3-4  llipllfled  Bouations 

The  coefficient  of  ^  In  Equation  (3-22)  Is  rf<vognised  as  tne  so-called 
streaming  potential  S.  It^  classical  value,  as  Implied  by  Kelmi'.olta,  Is 
given  by 


3  = 

>  o"  (3-25) 

(♦  will  be  negative  for  a  positive  charge  de>  I'.y)  which  emeriments^  have 
shewn  to  be  valid  In  capillaries  of  radii  dow..  to  about  lO'^m.  Finer  tubes 
would  be  all  but  impossible  to  obtain  anyway. 

4iiquatlon  (3-25)  can  be  derlvod  frost  the  theory  n  this  section  as  follows. 
First,  if  ws  assume  that  t  is  very  nearly  sero  everywhere  but  quite  near  the 
tube  wall,  Equation  (3-17i  implies  th.. 

(3-26) 

•  * 

Next,  if  ws  neulect  the  contribution  of  surfacw  conductance  tr  C  (as  a  con¬ 
sequence  of  r^  being  not  too  small).  Equations  (3-26),  (3-15.',  (3-19) 

inserted  into  aquation  (>-24)  results  in 


y2 

P  •  <r  r;*  (3-27) 

Finally,  if  we  assume  that  E  is  much  lass  than  unity  (this  will  be  ve-1fi  ' 
later),  the  streaming  potential  becomes  t/v  which  from  Equations  (3-26)  t 
(3-27)  is  ths  .'»as  as  ths  valus  givsn  by  Equation  (3-25) •  Ws  will  considtr 
that  ths  validation  affordtd  Equation  (3-25)  by  sxpsrlmonts  justifies  thw 
assumptions  In  ths  dsrivations  with  f''Uow. 

Equations  (3-22)  and  (3-23),  which  govern  the  gsiisration  sods,  now  beeoms 
■.(/  -Sip  -  i 
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(3-2«) 


ir  = 


££ 

R 


^Si 


(3-29) 


Hm  flow  rat«j  according  to  these  equations,  for  a  fixed  dp  hcs  :.'.3  minimum 
value  when  1*0  and  its  maximum  wh?n  dtp  *  0.  The  ratio  of  maximum  to 
minimum  v  is  readily  shown  to  be  1  -f  3.  Thus,  by  our  assumption  that  9  is 
much  less  than  unity,  the  flow  rate  is  essentially  independent  of  the  current, 
and  Equation  (3-29)  reduced  to 


V  = 


R 


(3-30) 


fiy  a  aiaa-lar  argument  the  current  ^n  the  pimiping  mode  is  etisentJally  Aiaependent 
of  the  flow,  and  Equation  (3-14)  .‘educes  to 


i  =  c 


(3-31) 


The  final  form  of  the  equations  govamlng  the  opt  *lon  of  the  electro- 
kinetic  convertor  will  now  be  summarised. 


The  pumping  model 

dip  • 


r/ 


A  (/>  ^ 


A  r.‘ 


ir 


<rA 


The  generation  model 


ir 


±SzJLL,p. 

^  <r  ' 

A  K* 

-JTTf 


<rf\  ' 
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3>$  Convertor  Operating  Characterietice 

In  the  pueplng  node,  eonsiu-  '  ^  thn  applied  voltage  fixed,  the  f^Uovrliig 
piap  characteristics  are  evident. 


sero-floH  pressure t 


y:^ 


A(f 


aont>pressure  flo*u  - — llJ.  (d 

^  Jl  ^ 

lAts  to  the  linearitv  of  t'le  pressure  versus  flow  rcl::Monsiilp,  the  naxlnum 
piaplng  power  occurs  when  tlw  pressure  is  one  half  the  aero-flow  pressure 
(and  consequentljr  the  flow  is  one  half  the  toro-piessure  flow). 


■a rill  piaplng  power: 


2  e  * 


a 


The  ,  udmn  puaping  effleleacjr  la  the  BaxleuB  ptsMi-lng  power  divided  by  the 
product  of  voltes  and  current. 


■exiw  puepioc  effieiensyi 


cr  n  * 


In  the  generation  node,  considering  the  applied  pressure  fixed,  the 
following  generator  eNiraoteristics  are  evident. 


Mro-ourrent  m-itaget  ^  ^  A  p 

yi4  <r  ^ 


sen* -voltage  current: 


-irr-^p 


and  by  argiMnte  einiXar  to  thoea  tdvaiKtd  for  the  p.^iping  node 
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naxiaum  generating  noser: 


^/4'-<r  Jt 


i^py 


Ducifflum  generating  efficiency: 


/^(T  r.* 


It  le  noteworthy  that  the  nuximum  pump  efficiency  is  identical  to  the  abudaum 
generator  efficiency. 


3-6  Nuaeri-.a!  Results 


To  obtain  nunerieal  values  for  the  puqp  end  generator  c’laracteriftics  it 
is  necessary  to  specify  the  worKiny  fluid.  Data  m  t  is  readily  avaiiaole 
only  for  water  and  aqueous  solutions.  It  appears'^  tlilt  t  can  atiproach  -0.20 
volts  for  pure  wate^  in  equilibrium  with  atmospheric  carbon  dioxide  (in  which 
case  the  ions  are  H  ,  ana  HCO  ~)  and  is  somewhat  leas  for  aqueous  solutions. 
Furthermore,  auaitives  (such  as  salt'  to  pure  water  tend  to  decrease  s  and 
increase  <s  and  u  resulting  in  the  efficiei^  having  its  greaies^value  for 
pure  waterj  For  pure  water:  e  ■  7  x  coul/volt  m  o  ■  IP  mho/m,  u  ■  lO”'’ 

newt  seem  .  If  we  specify  that  f  *  -O.20  volts  and  '  -  10~\,  the  smallest 
value  permitted  by  this  Iheoiy,  B  Sorks  out  to  bo  0.01>:8  w.iich  Indeed  is  SMch 
smaller  than  unity,  ee  will  ts^loy  these  data  in  the  illustrative  exaiplas  to 
follow. 


3-7  mdartiUYJ  «ant>;u 

touslder  an  elvctroKinetic  co.nvertor  of  the  following  geometry:  . 

a  ■  lO*^  m^,  i  *  10  m.  the  open  voIwm  of  the  tube  baitk  le  thue  100  ea'^. 

In  the  pumping  mode  coneidwr  an  applied  voltage  differential  of  103  volts, 
the  following  p«p  eha.*a<:terlttiet  follow. 

3  2 

ctro-flow  p;a.:)ure:  11.2  x  10'^  newt/m  (ebout  0.1  atm) 
sero-pressurc  flow:  U  x  lO"^  mVsee  (O.U  Utree/eec) 
auxljsum  pumping  power:  0.392  watte 
electrical  current:  0.1  amp 
electrical  powut  input:  lt>d  watte 
skaxlmum  erriritncy:  0.392< 

(  In  Itw  generation  node  consider  an  applied  pressure  differeiitlal  of 
lu^  newt/m*  Ubout  1  atm),  the  following  generator  eharactertst'cs  follow. 

ssro-current  voltage:  140  volts 
ssro-voltage  current:  w.UU  amp 
maximum  elect  ca'  power:  J.49  we  .ts 
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fluid  flow  ratot  12.5  x  10”^  m^/sec  (1.25  litrea/sec) 
puaplng  powar  input.  atts 

maximuB  efficioncyt  0.3929f 

The  RoTnolda  numbar  corresponding  to  this  flow  rate  is  only  2.50  thus  assuring 
laminar  flow  in  the  tuba  bank. 


3-8  Conclusions 

The  characteristics  of  a  steady  state  electroklnetlc  ariargy  convertor  in 
both  '  ha  fluid  pumping  and  electrical  generation  laodes  of  operation  have  been 
outaiiuined.  For  pure  water  the  maximum  conversion  af'ieieney  in  cither 
direction  is  found  to  be  0.392iK.  A  tube  bank  of  luO  cm^  "open"  oross-sectional 
aroa  and  1.0  cm  length  subject  to  an  applieo  voltage  of  lOOO  volts  is  capable 
of  pumping  0.07  litres  per  second  at  about  0.05  atm  pressure  at  thie  efficiency. 
The  same  unit  subject  to  an  applied  pressure  of  about  1  atm  is  capable  of 
generati.ng  0.49  watts  at  70  volts  at  this  same  efficiency. 

be  are  presently  undertaking  an  experimental  Investigation  of  this 
phenomenon. 
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open  cross-sectional  area  of  tube  bank,  m 
~  electrical  conductance  mhos 

"  electric  field,  vclts/m 
~  electrical  current,  amps 
~  length  of  tube  bank,  ■ 

-  number  of  capillary  tubes  In  tube  bank 
^  fluid  pressure,  ae««t/ni^ 

*  pressure  differential  across  tube  bank,  newt/'!<‘' 

■■  radial  position  in  tube,  ■ 

>  tube  radius,  m 

~  viscous  resistance  of  fluid,  newt  sec/m^ 

>■  streaeing  potential,  volt  aVnewt 
*■  fluid  velocity,  V”« 

*■  fluid  flow  rate,  ar/sec 

*  axial  position  in  tube,  ■ 

*  induction  coeffioient  defined  by  liquation  (U),  amp  sec/  ^ 
■  diaensioiJess  parameter  defined  by  kquatlon  (,Zk) 

*  permittivity  of  fluid,  ooul/volt  a 

*  fluio  viscoeity,  newt  eec/a 

*  charge  density,  eo  ul/a^ 

*  fluid  eleculeal  conductivity,  eh. /a 

*  surface  electrical  oMiduetivity,  ahoe 
■■  electrical  potential,  volte 

*  voltage  differential  acroee  tube  bank,  volte 

■■  eoaponent  of  v  ae  defined  by  Squ»tion  (1),  volte 
“  Value  of  '«  <  r  tube  wall 
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FiilJr*  3-1.  t>>*  tiifClroKlnnllc  Conv*rior 


S«ctlon  k 


ACOUSTIC  PUMPING 


4-1  Introduction 

The  effect  of  acoustic  punplng  as  defined  by  a  steady  uni-directional  flow 
develo'^  by  a  purely  oscillatory  source  of  enerfcy  has  been  reported  and 
investigated  for  nany  years.  One  of  the  first  to.report  on  this  phenosiena  uas 
Lord  fUylelgh  in  his  classic  book  Thcorr  of  Sound  .  lord  Raylel^  Investigated 
notion  of  dust  particles  in  a  kundt's  tube  and  streaning  phenoaena  at  the  nouth 
of  a  Helaholta  resonator. 

fV^  jaing  the  develtqaent  of  quarts  and  other  plesceleeiric  oscillators  of 
high  power  capability,  reports  began  to  appear  concerning  the  "Quarts  liiind",  a 
steady  flow  of  fluid  directed  away  trm  the  face  of  the  oseillaUng  crystal. 

This  sffset  which  is  noticsabls  only  at  vary  high  sound  int>v-L  His8  has  besn 
analysed  with  variable  sueceas  by  aeveral  investigators  sines  C.  fick^'s^  papsr 
on  ths  subject  in  1940.  Notable  papers  on  tbs  subjsct  are  hy  Nyborgr ,  Wester- 
velt^,  Htdwin^,  and  Johnaan^. 

Another  aource  of  ataady  flow  genaratad  by  an  oscillating  aourca  ia  the 
secondary  fluid  notions  sst  by  Intsraction  of  an  -  ..'Hating  sound  fisld  and 
a  rigid  boundary.  Within  thia  claaa  of  problans  lit  loivi  Rayleigh's  original 
rsaarks  concerning  kuadt's  Tbbts  and  Hslidiolti  Resonators.  With  ths  dsvslopnent 
of  the  bouac  iiy  layer  theory  the  int^ction  of  a  sound  fisld  with  ths  boundary 
layer  ms  investigated  by  SehUeting^  and  othara  for  oertai '  specific  oases. 
NsMin’  devslopsd  a  gsntraliasd  theory  of  streaning  pheiwnann  ^diieh  includes 
both  'Starts  Wind  and  Roundary  Layer  sffsets}  .lowevsr,  the  aquations  developed 
have  little  value  ineefar  ae  ealeulating  apecirie  quantltlea  for  practical 
eaees. 

Pierey^  deeeribee  an  application  of  the  Quarts  Wind  phenonoaa  -■hich 
approaches  cloeely  our  present  tnplc  of  acoueUc  punping.  He  proposed  e 
sraten  whereby  the  streaning  velocity  generated  by  a  treveling  eound  wave 
would  permit  bin  to  oalrtUte  sound  abeorptien  eeefiiciente  of  s  fit*  d  con¬ 
tained  in  the  eyetesi.  Tha  device  deecribM  in  hie  paper  would,  if  suitably 
optinised,  work  quite  well  ae  an  acoustic  pwnp  whose  principle  erftici  would  be 
to  ptap  the  contained  fluid.  This  psriicuLar  device  was  uheeen  ae  the  priasry 
effort  of  the  current  inveetigaUen.  Anniysie  has  progressed  to  thr  point 
where  optimisation  can  he  achieved,  a  nodel  has  baen  constructed  .MtU  win  be 
used  to  vorlfy  tho  anaiysie  and  ootinlaation. 

Q 

Uatiphinaa  deecrihaa  a  iavloe  apecifioaily  designated  ae  an  acouatie 
pwhp  eonstruetod  free  a  etendard  radio  loudspe^r.  Ihte  device  works  on  the 
eame  principle  es  tha  etimusing  from  e  Neiabolta  Reeonetor,  as  da..erihed  hy 
Lord  hayielj^'  s  onginal  paptr.  It  could  bo  describod  ae  a  vectored  •OBentua 
puap  since  tne  fluid  is  ejected  in  e  directed  Jet  but  euckad  in  froa  tha 
surrounding  still  air.  The  ainpUeity,  low  cost,  and  suifti  'ainc  sffsetivstisss 
of  this  aevlee  suggsstod  that  it  be  ad^tod  as  a  ssconoary  effort  in  the  acoustic 
punping  progrsn.  a  aodel  wae  constructed  and  tested,  verifying  the  originsl 
work  by  Uauphinoo.  *4  enslysle  has  boon  startod. 


It  should  bs  snpbssissd  tnst  effects  other  thru  staple  trunsporo  of  fluid 
can  be  obtained  froa  acoustic  streaadng  phenoaena.  When  discontinuities  in 
density  occur  in  the  fluid  (e.g.,  Si:  iew  solid  particle  or  gas  bubbles) 

preferential  streaming  occurs.  The  disconwinuity  in  density  results  in  a  force 
acting  on  the  interface  causing  the  particle  or  bubble  to  move.  For  this  reason 
a  "bubbly"  liquid  has  a  high  sound  absorption  and  exhibits  highrt,  streaming 
velocities  by  several  orders  of  aagnitudes.  This  effect  could  be  utilised,  for 
example,  in  separating  a  vapor  froa  a  liquid  phase  under  icero  gravity  conditions. 


4-2  ^  Pjercy  gjHB 

g 

The  device  devised  by  Piercy  and  lai^  to  aeasure  sound  abaurpl'‘-'n  is 
sketched  in  I'igure  4-1a.  The  aodified  construction  resulting  from  the  current 
analysis  is  sketched  in  Figure  4-lb.  The  arij^sis  of.the  action  of  t.he  puop 
uhich  follows  is  derived  in  par^.  f.oa  Piercy*’,  Uyborgr,  and  in  is  original 
to  this  investigation. 

The  piesoelectrle  crystal  at  the  left  of  the  long  tube  sends  a  directed 
beaa  of  sound  axially  down  the  tube.  It  will  be  shown  later  that  the  optlaua 
frequency  is  sufficiently  high  that  little  diffraction  occurs  beyond  the  first 
few  eentiaanters.  The  beam  exhibits  littls  divergence.  The  sound  beaa  thsn 
alaost,  but  not  quits,  fills  ths  tubs  with  travsling  *  .ul  waves,  which  to  e 
first  approxlMtioa  nay  be  treated  as  plane  wavee. 

The  continuity  equation  within  the  sound  wave  is  given  by 


+  7  •/*  4/  » 


(4-1) 


where  *  ■■  density  of  fluid  end  u  •  velocity  of  fluid.  The  ncaentus  equation 
is 


(4—i) 


idMre  P  ■  static  pressure 

»  *  dyneaic  shear  viscosity 
I  *  dyneaic  voluM  viscosity 

iqustioCB  (4-1)  and  (4-2)  are  iineartseo  ass«aLii4 

f'f.  v: 'yff'-'t  - 

(A  mU,  4  .  .  - 

p  -  P.rRC'’^^ 

J  C  *  S  ?//  5 - 


O 


Me  will  furth«r  hss’ 
iltes*  <ur«  staiKiard  aasuaptlonis 
experlBBnt^  obaerv«tlons. 


thdt  #  »  and  that  \7  «  7  •  U  awl  V  P  . 
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There  will  result,  when  these  assuaptlons  are  applied  tc  itioations  ('*-!) 
and  (4-2),  a  set  of  equations,  ’<«c  for  each  order  of  >t. 

For  exaavile  the  sei-o  order  equations  are  (neglecting  terns  of  order  >  l)i 


V- 1/,  »  O 


{Uri) 


*•  7p,  -Pa  */,•  >2 /./, 

fhe  first  order  eqi^tions  aret 


(4-4) 


/•"/?  *  K  7  t/, 


•w,  *0 


(4-5) 


Ihs  second  set  of  equations,  eeobin  i  with  a  valid  equation  of  stats, 
yield  the  usual  acousUe  sulutlona.  If  X  ■  » 0,  an  Ideal  fluid  results, 
giving  as  a  solution  undasiped  sound  waves.  Doppler  shifts  In  frequency  result 
If  u^  0.  Nor»aUjr  the  assunptlon  Is  nwde  that  u^  «■  0  for  acoustic  worh. 

(he  first  set  of  eqt»«tlons  Is  of  interest  If  the  prljsanr  purpose  Is  to 
Induce  streahlng  In  the  fluid,  tr  is  the  stroasdng  velocity  which  w«  seek. 

The  tens  on  the  left  of  hquatlon  *4-4)  la  the  spatial  sccalvrat)  -n  of  the  fluid. 

utUp  stoaor  state  is  coneioereo,  therefore,  the  leapc:U  vceleratlon  se 
sero.  Dm  first  tens  on  the  right  is  the  spatial  varUVlon  in  sUtlc  preeeure. 
(He  second  tern  le  the  viscous  drag.  The  ihiro  tera  represents  e  hodp  force  In 
the  fluid  gencruteo  by  Uie  iiret  oroer  sound  field. 

th«  body  force  it  generated  by  the  non-lineer  rsspona^  »f  the  flu..:  wo  an 
iJ^wsad  perioulc  fores.  Porces  of  this  type  are  ceeaDO  la  >  ■ 

(e.g.,  rectifiers,  gas  tubesi  and  result  In  energy  Uwnefer  helwe«n  hanson' 
of  the  fundaoental  node,  thus.  If  e  put*  tone  le  sounded  ai  #  point  In  a  no..- 
Unaar  fluid,  nareonice  of  hlgiwr  and  higher  order  will  be  genereted,  until  the 
sound  Is  fliwlly  abeetbed.  kbcauee  high  frequencies  are  abs'trbed  faster  than 
low  frequencaaa,  at  stsedy  atate  a  ncnltnaar  wave  fort,  is  developed.  Itnergy  le 
..Iwo  tr^sferred  fron  hlf^r  hansonics  to  lower  afti  In  pertleuUr  to  saro 
frequency  or  D.4.  Thus,  In  a  no«Ulnear  circuit  D.C.  eenent  will  result  'roe 
an  leposed  a.t  supply. 


U 


Now  in  tho  Fierce  Pu^>  wo  asauica  Uie  sound  field  to  be  composed  of  plane 
waves.  'Ihis  requires  that  the  beam  of  sound  does  not  cot:tact  tii<;  wall  of  the 
tube.  Further,  Inside  the  long  tube  w«  consider  only  steady  flow  in  the  axial 
direction.  Now  £qua lions  (4-3)  am  '  become: 


dm  -  )-  ru  ■  ^ 

•ix  *  '  tfx 


Now  we  t^ke  ^  well  known  solution  to  the  first  order  equations  fo;  piane  wiveo 
in  uii  -ruing  nedliai 


u,-vcr** 

where  U  *  rms  velocity  amplitude  t.  source  (x  *  0) 
9  «  absorption  coefficient  of  fluid 
•  ■"  frequency  of  wave 
k  «  Wave  numoer 


Now 


and  M  ^  -  -^U*C  [  C 


*  r  ivYw*#**  ■! 


•e  ignore  the  oouhle  frequency  component  as  it  uots  not  conirttut*  to  the 
streasdi^  and  obtain  the  reewl* 


(4-U) 


itow  the  static  pressure  f  does  not  vary  with  r  anu  the  streaminc  v^'  u<m‘% 
not  Vary  with  x  under  the  aseumpiion  we  hew  w4e.  integravinn  with  re.-pect  t*. 
r  yields 


U.  -  (i,-  It-  '4  l.^-y/3 


■  ;■ 


Ihe  constinta  of  integration  A  and  B  can  be  found  by  noting  that  »  0 

at  r  “  0  and  U  =  0  at  r  =  r  c*  the  r<*dius  of  the  tube.  Then  the  solution  isi 
o  o 


To  determine  ‘a'x  define  tiS  j,  (  pnf  VA'  where  L  is  the  length  of  the  tube. 
Now  because  U  is  not  a  function  of  x  as  we  have  assumed,  then  the  expression 
L  a  ,  ■*”’>  3  is  Aot  a  function  of  x.  Now 

wx  -  '0^  'J 


-f 


Ihen  the  velocity  is  given  by 


,  r 

The  volume  flow  rate  is  Q  •  JUt,  ef  /\  •  J-jr J  Tt/,  «/k' 

This  result  leads  one  immediately  to 

^p  -  T  Pu  Y Y/  -  e  '""-J  -  a 


(4-12) 


(4-13) 


(4-U) 


Squation  (4-14)  is  basic  to  the  I'lei^  A^l■p,  describing  the  relation 
between  the  output  <4^P  and  the  input  ^  u  •  TStis  latter  t  .rm  represeru*;  the 
acoustic  energy  put  into  the  system  and''the  product  Q4P  represents  the  ou*. ;  t 
pumping  energy. 

The  above  derivation  has  been  highly  ideelised  in  several  respects,  one 
Bijor  one  being  the  implicit  assumption  of  laminar  flow,  all  idealisation  may 
now  be  dlsc-’raeu,  however,  by  a  purely  empirical  apprrtch  based  on  the  ideal 
results.  Thus,  write  instead  of  Equation  (4-14) 


c,^ 


I,/  .lolff  -  )  \  f  ^  F>  ^ 


)  ■'  i Ik  ^  i A" 


46 


(4-15) 


Mher«  AP  and  Q  aro  as  defined  before 


acoustic  intt,  ^ :  ■ 


ip 


Aj  r  ,  and  L  as  defined  by  Figure  4-lb 

C  *  velocity  of  sound  in  fluid 

f  ~  pipe  friction  factor  as  defined  by  Moody 

The  actual  optlniizatlon  of  the  design  will  be  done  using  &iuation  (4-1^)  since 
it  is  the  more  general  of  the  two.  Equation  (4-15)  reduces  to  Equation  (4-14) 
fur  the  special  case  of  laminar  flow  when  i  cannot  physically  be  zero  since  no 
pumping  will  occur  if  the  left  end  of  the  pipe  is  sealed  off.  The  static 
press'uc  would  be  higher  at  the  open  end  than  at  the  closed  end  r'^sulting  in 
onJy  '..light  circulating  back  flow  between  walls  and  soiino  beam,  as  in  Eclcart's 
paper*" . 

Now  Equation  (4-15)  will  be  further  modified  hy  the  ■  'bstitutionsi 

Im  fi 


where  P  is  a  pure  numeric  defined  by  P  ■>  l/i 

o'  is  the  so-called  reduced  absorption^coeffieient  of  the  fluid 
via  the  frequency  of  the  sound  wave  in  cycles  rer  second 

The  reduced  absorption  «'  is  available  in  standapl  references  on  acoustics 
for  a  wide  range  of  fluids.  The  absorptiv  i  is  proportional  to  the  square  of 
the  frequency.  'Ihe  fact  that  this  is  not  entirely  true  is  noted  by  specifying 
the  reduced  absorption  as  a  weak  function  of  frequency.  For  many  common  fluids, 
e.g.,  air  and  watar,  or*  m  const. 


c-y  (/• 


’j- 


(4-16) 


Inspactlon  of  this  aquation  iur  possible  optimising  paremstsrs  ^uwws  tliat  the 
frequency  »,  the  flow  rate  <4,  and  the  length  ratio  3  are  t.he  only  parasMit^rs 
which  sdghi  ca  adjusted  for  optimum  perf-:'ri>^nce. 

Tne  output  af  the  pump  is  defined  ss  the  product  of  heao  and  flow  or 

w:^Q^p 

Mow  *  h^(s,  'd»  P)  and  the  optimum  value  of  each  parameter  ia  obtained  when 


Xo  solve  this  equdtion  each  variable  will  be  eliminated  in  tiirii  by  setting  its 
partial  derivative  equal  to  zero. 

2 

We  will  optimize  first  with  respect  to  v  rather  than  v  since  the  frequency 
appears  only  as  a  square  in  the  equation.  The  result  of  this  operation  is 


.)W, 


=  o  s  -I  -t 


e 


z&c. 


y.u^/3 


which  yields  as  the  optimum  frequency 


A.  (itfi) 


(4-17) 


Substituting  this  into  the  expression  for  yields 


where  g(0)  •  (/v4.) 


(4-18) 


Xhis  expression  is  now  to  be  optlalsed  for  the  flow  rate  thust 

/'A. 


or  thf  optiauM  flow  r^to  la 

A 


(4-19) 


Mote  here  that  1  ■  where  U  ••  maximuR  velocity  ampUtuae  of  wave 

at  the  crystal  face.  ^Then  the  optimum  flow  rate  may  also  bo  expressed  by 


when  hqualiun  (a-M)  is  substituted  into  (t-lB)  we  obtv.n 

w.-’cn'ni/  'fi  f 


{4-?0) 


(.-21) 


The  function  h<i,-  a  ir.\xinum  which  can  most  easily  be  found  by 

numerical  calculation.  The  funccior.  .  s  a  rather  flat  maximiM  of  about  0.-, 
near  3  “  5.  Thus,  the  length  of  tube,  L,  which  yields  the  ma.djmiin  output  is  5 
times  as  long  as  the  d5>stance  from  the  crystal  to  the  tube  ei. ".ranee.  This 
latter  distance,  I  ,  has  an  optimum  vedue;  but  it  is  based  on  the  tube  entrance 
loos  which  is  not  Soverea  by  this  analysis.  A  reasonable  dimension  for  this 
distance,  X  ,  is  about  equal  to  the  tube  radius.  This  leads  to  a  flow  area 
between  crystal  and  tube  mouth  equal  to  twice  the  flow  ar-’.a  in  the  tube.  If 
t'lis  assumption  is  made,  the  ratio  r  /X  *•  1  and  we  have 


(4-22) 


The  electrical  input  to  a  cr;  st.al  being  driven  at  its  rt.. -nant  frequency  is 
given  by 

w, 


where  I  ~  acoustic  intensity 
o 

a  “  radiating  face  of  crystal 

Cj  ■  coupling  factor,  or  electromechanical  convtrsion  efficiency. 

Me  now  assume  that  A  er^^  and  riote  that  -ip  then  the  pump  efficiency 

defined  by 


is  given  by 


I 


Sc.  ]£ 

JT 


(4-23) 


This  Uet  equation  tells  ue  that  the  puBping  'efficiency  oi  the  Hiercy 
Pump  Itt  propcrtioifc**  to  the  electromecha'’ ’  Tal  efficiency  of  the  orlving  crj  'i> 
inversely  proportional  to  the  souare  root  of  the  friction  factor  theau  loss) 
ssnu  proportional  to  the  ratio  U/C  .  Ihie  latter  ratio  la  always  lesc  than  a. 
in  fact  the  best  value  attainaolw®ae  a  pnctical  msttei  le  in  -he  neighborhood 
of  .033.  It  is  anlihely  that  f  should  ever  be  much  waller  than  .01  and  values 
of  .4  for  C-  are  not  easi  ly  attained.  Kith  these  aesuapt.une  it  appears  the 
beet  practical  efficiency  for  this  pusq'  Is  around  l.l!(  a'  the  present  time. 

fhwrc  is  no  UBediaU  reason  why  this  nerforemnee  cannot  be  improved  u.«n. 
OtM  slsple  and  e'‘*jctive  improvement  <i  to  use  two  tubes  with  each  crystal  thus 
doubling  the  cu..  ut  U»e  efficiency,  ’fhe  small  value  of  U/C^  •  m»  h«  improved 


_ 


upon  by  porhups  an  order  of  magnitude  by  various  stratagems,  such  as  preloading 
the  crystal  to  prevent  shattering,  'he  ultimate  in  conversion  efflrxencles  has 
not  yet  been  reached. 


A  review  of  the  equations  derived  for  the  Plercy  Pump  and  some  characteristic 
results  for  specific  fluids  are  given  below t 


1.  Mro-flow  head  (&iuatlon  (A'-lb)  with  Q  *  0} 


) 


(A-24) 


11,  Aero-head  flow  (solve  Equation  (4-1&)  for  Q  with  hp  0} 


111.  Optimvin  frequency 


V  “ 


/  L  (H/) 


IV.  optimum  flow 

V.  Optimum  ratio  of  tube  length  to  entrance  length 

P  ■■  S  (found  numerically) 

VI.  Optimum  efficiency 

7  ■  <^fM}C4r)^ 


U-25) 


(4-17) 


(4-20) 


Some  representative  data  aret 
air 

1.29  kg/m^ 

343  i^eec 

••  2.7  X  10“^  eecV* 


water 

998  kg/m^ 

U97  i/eee 

2}  X  10*^^  eeo*/m 


mercury 

13.596  kg/m^ 

1451  m/MC 
6  X  10“^^  seeVn 


Assuom  a  puq>  with  dlaMnslons 


i  ■■  r  *  <025  Betars  (2”  diauu.dr) 
o  o 

P-5  (Ln.5") 

Note  that  x.he  peak  velocity  at  the  surface  of  a  vibrating  Quartz  crystal  is 
about  5  u/aw  and  that  the  electroBechanical  coupling  coefficient  is  around 
.1  for  Quarts.  Quarts  is  chosen  for  this  example  becausr^  of  its  high  mechanical 
strength,  cheapness  and  availability.  Some  of  the  newer  ceramic  transducer 
:iwtterials  would  perhaps  be  a  better  choice  at  the  lower  frequencies. 

U'-ing  the  above  data  in  the  listed  set  of  equations  res'iHs  in  the 
fcll^'viiiii  performance  t 


air 

wi-.t;  “ 

mercury 

Zaro-Flow  Head 

.04  inch  water 

10.4  psl 

142  psl 

daro-Uaad  Flow 

lit  ctm 

1060  gpm 

1380  gpm 

Optimum  Frequency 

.515  He 

16.9  Me 

34.6  He 

Optimum  Flow 

29.9  cfh 

.ri  4  gpei 

356  gpm 

Power  Output 

8.28  watts 

KC  watts 

U.52  KW 

Power  Ik,  ut 

101  watts 

400 

4840  KW 

hffieiency 

.otas 

.0C2< 

.003)1 

IWo  things  should  be  noted  from  the  Information  supplied.  First  the  high 
outputs  of  the  heavier  liquids  are  associated  with  low  effieieneies  and  the 
(relativelyi  high  effieienoiae  of  gases  are  associated  with  low  outputs,  this 
is  due  to  the  high  speed  of  sound  in  liquids  which  reduces  acoustic  energy 
input.  Secondly  note  that  the  absorption  of  the  fluid  does  not  af*‘e€t  the 
effirlency  or  output  of  the  pump  if  the  pump  is  operated  at  the  '  tis'Si 
frequency  for  the  particular  fluid  ocing  handled.  However,  if  pusp  la  not 
operated  at  optimum  frequency,  the  output  and  affieitney  are  rauuced  accordingly. 
Note  alto  that  the  optimum  frequency  is  a  function  of  pump  dlmeneiona  (i  )  and 
Can  be  Varied.  Ihe  smaller  i  is,  the  greater  the  output  and 


40  >^lmholta  Hasonatof 

o 

This  device,  described  by  Oauphinee  ,  is  an  application  of  a  very  old 
effect,  noted  by  lU yleigh  and  ethers  previously.  an  oeciliawing  preseut'e 
Can  be  entablished  in  e  closed  region  connected  to  a  attady  preeaure  region 
with  a  tube  or  nossle,  a  net  flow  sway  from  the  nottle  will  occur.  Ibis  effeet 
is  manifeeted  in  a  large  number  of  ways,  one  very  coamon  c  le  being  the  cireu> 
Ittlon  set  up  by  a  Hi-Fi  speaker  operated  et  high  volume.  The  grill  cloth  h^ts 
as  s  tultiple  noasle  and  the  low  frequency  components  act  on  the  surrounding 
air  to  induce  circulation.  The  hydrodyramle  esrUlator  (toy  boat  attplne)  is 


another  old  but  valid  exanple  ot  this  principle.  In  this  case  net  thrust  Is 
produced  by  the  oscillating  water  -  lirn.  In  precisely  the  same  manner  as  the 
acoustic  pump. 

Figure  4-2  shows  a  sketch  of  the  acoustic  pump  as  describe  .'  by  reference 
(9).  This  ptm4>  uses  a  radio  loudspeaker  as  the  cavity  because  it  is  simple, 
cheap  and  readily  available.  Any  cavity  whose  total  volume  can  be  readily 
varied  at  a  suitable  frequency  can  be  used  to  pump  fluid.  Ihe  cavity  may  be 
filled  with  the  fluid  to  be  pueped  or  with  another  fliiid.  Tlte  fluid  to  be 
pumped  fills  the  nozsle  or  orifice  (a  tube  or  nozsle  is  not  essential).  The 
oscillating  pressure  in  the  cavity  causes  flow  oscillation  In  the  nozsle.  At 
the  noa7l«  exit  there  Is  a  directed  flow  away  froei  the  tube  bu^.  flow  toward  the 
tube  to  come  from  the  still  fluid  surrounding  the  pulsed  'et  issuing  from 

the  nozzle.  The  Jet  may  be  contalnod  In  a  second  tube  as  shown.  The  pulses 
issuing  from  the  nozzle  entrain  riuid  from  the  surrounding  region  and  smooth 
out  the  flow  leaving  the  secondary  tube.  The  net  result  ci  this  operation  is  a 
low  head  high  flow  rate  characteristic  similar  to  a  small  propeller  fan. 

The  aiwtlysls  of  this  pmp  Is,  at  the  same  time,  simple  and  complex.  It 
la  a  simple  problem  to  dev^op  equations  permitting  the  design  of  a  pump  to 
produce  a  given  output.  It  is  quite  difficult  to  develop  the  actual  flow  field 
which  describes  the  pump  operation.  The  analyals  i  ^leed  on  the  same  resonant 
cavity  analysis  of  Helidioltz.  The  fluid  In  the  not  Jit  is  assumed  Incompressible 
and  oscillates  back  and  forth  essentially  aa  if  it  wete  a  solid  piston,  Tha 
fluid  in  tb^  cavity  and/or  tha  diaphraim,  provides  a  damping  forca.  The  analysis 
then  becomes  that  ">t  a  simple  mess  on  a  spring  with  frlct.nn.  This  model  will 
permit  determination  of  the  dimension  of  the  pump  and  thu  driving  frequency  to 
proQuee  maximum  output. 

The  difficulty  arieee  in  trying  to  eaieulats  output  at  high  amplitudes  of 
vibration.  The  squations  governing  the  operation  are  essentially  nonlinear  end 
cannot  be  linearized  at  finite  amplitude.  Ihe  problem  is  complicated  by  the 
fact  tlut  for  reasonable  output  thm  flow  is  turbulent  and  rotational.  The 
device  la  incidentally  e  vortex  generator  quite  capable  of  blowing  excellent 
amoke  rings. 

Neaaurmd  values  of  efficiency  lie  in  the  range  of  .5  to  ai,.:  output,  of 

up  VO  100  cfm  at  .1  inch  head  have  been  observed,  'the  pmyi  has  been  used 
accordli^  Vo  reference  (9)  to  circulate  air  at  liquid  sir  tempera' »res  with 
eomawhat  higher  efficiency.  Tha  edvanUge  of  this  type  of  pump  a  iaa  (.ea^.tra- 
tures  is  obvious  since  there  is  no  lubricrtlon  probins.  This  pump  should  also 
be  useful  in  hanoiing  very  pure  flulde  wbvr*  conuminavion  is  a  problem,  lu 
charactarieties  are  approximately  those  of  a  propeller  fan,  low  haau  Idglt  ‘;;lw  . 
delivery,  when  puepihg  gaeeous  fluids.  Its  efficiency  and  output  are  presumab* 
less  when  hanelii^  liquids  although  this  point  will  require  chec'*lng.  Mo  attempts 
to  pump  liquid  hava  been  made  yet. 
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Nomenclciture 

2 

A  ■■  flow  area  of  tube,  cb 

*  electromechanical  coupling  factor  of  transducer 

*  adiabatic  speed  of  so uni  in  fluid,  cn/sec 
f  *  Moody  friction  factor  for  pipe  flow 

2 

1^  ■  acoustic  intensity  of  radiating  face,  watts/cm 
k  -  wave  number  of  acoustic  radiation,  cffl~^ 

L  •  length  of  tube,  cm 

i  *  distance  from  raoiatang  face  to  tube  mouth,  cm 
o 

2 

P  ■  pressure  in  fluid,  dynes/cm 
Q  ■  volume  flow  rate  thru  puap,  cc/sec 
Q  >  optimum  volume  flow  rate,  cc/sec 
r  *  radial  coordinate  in  lube,  cm 
r^  ■  radius  of  tube  wall,  cm 
u  "  gener-1  fluiu  velocity,  cm/see 
U  ■  rms  velocity  of  transducer  face,  cm/soc 
■■  power  output  of  pump,  watts 

*  power  ii  put  to  pump,  watts 

X  "  axial  70''rnln«te  in  tuba,  ea 

V  *  acoustic  absorption  cuefriciant  of  fluid,  ea'*^ 

V  ■>  reduced  absorption  coefiicient  fluid,  sec  /cm 
I  ■  ratio  of  tube  length  to  (above) 

dP  •  pressur*  head  of  pump,  dynes/cm^ 

H 


X 


efficient;/ 

coefficient  of  voiisee  viKosity,  poise 


coefficient  of  shear  viscosity,  poise 
frequency  of  acoustic  radiation,  sec"^ 
optimum  frequency  of  radiation,  sec"^ 
density  of  fluid,  go/cc 
angular  frequency  of  acoustic  radiation,  s. 


* 


resonant  plate 
transparent  to 


Plow  is  observed  in  side  tube 
tdisre  velocities  are  esDpllfled 
by  area  ratio 


figure  4-la.  Mercy's  absorption  beasurlng  Device 


figure  i,-Z,  ii«ijdtoltt  fi«son»tor  Pujcp  («fter  lotuphinei. 


S«otion  5 


rKb  mINSLOm  effect  VaLVE 


5-1  Introduction 


Th«  Winslow  offset  is  a  phononwnon  obsorvod  in  liquids  by  wttich  the  flow 
nf  ,i  liquid  cun  k-t  restricteo  by  Applying  an  electric  field  perpendicular  to 
the  uiracticn  of  flow,  the  effect  is  nost  pronounced  when  the  fluid  is  an 
emulsion,  although  there  is  sobs  indication  that  It  would  also  hold  to  soaie 
e/t.eitt  for  trus  solutions  (where  there  is  thorough  aixlng  on  a  ”-'lecular  leval). 
the  ..riuciple  of  operation  is  the  following!  The  i  1  ration  of  an  elscirlc 
flelu  across  the  liquid  causes  particles  of  higher  dielectric  ronstant  (such 
as  finely  oivioeo  particles.,  molecules,  etc.)  to  form  chains  along  E  lines  since 
this  is  a  lower  energy  state  for  these  particles,  iheiic  halns  tend  to  Impede 
the  flow  of  the  remaining  fluid  and  thus  effectively  increase  the  viscosity  of 
the  fluid. 

The  method  which  was  proposed  to  use  this  effect  in  a  pumping  system  is 
shown  in  Fig.  5-1 

Ihe  signal  generator  at  the  left  provided  both  the  driving  power  for  the 
transducer  (a  barium  tiWwite  crystal)  and  properly  p>hased  control  voltages  to 
ttte  ins  lated  plates  wnich  were  to  ..ct  as  valves  by  ^tauts  of  the  Winslow  effect, 
fhe  device  was  to  be  rectangular  in  cross  sv.'tlon  for  i..  se  in  evaluating  the 
fields.  However,  due  to  problems  in  assambly  and  in  prope.*ly  spacing  the 
insulated  parts,  this  uesign  was  repleest  by  the  following  (see  Fig.  5«2)< 

this  is  a  sisy>UUeit  saetch.  The  actual  device  consists  of  seven 
concentric  thin-wall  bras«  tubes,  the  critter  tube  is  1/4*  dim.  and  the  diemsters 
increase  in  increments  of  I/4*  to  the  largest,  which  is  1-3/4”  The  wall 

thicKneaS  of  all  *he  iubea  tr  .035* •  ihie  leaves  .09O*  spacing  between  all 
4'i.^4C«nt  tubes.  Ote  first,  third,  fifth,  anr.  seventh  tubes  are  ^2*  long  mnd 
are  electrically  rat-ecteu  together  to  fens  the  grounr  of  the  "  '*e«.  the 
eecofw,  fourth  ano  sisUt  tabes  are  each  in  two  sections,  each  section  V*  Icng. 
Tubes  ntsibei'2,  •,  and  6  on  ins  left  «re  eieclrlcaliy  connecte..  together  to  form 
one  "vtlve"  aitd  likewise  on  the  right,  holes  wre  tiriiled  in  eepropriate  pLsees 
in  ail  the  tabes  to  allow  f'';-  Iluio  flow  tnd  for  action  of  the  ..-c"-iu«er. 
the  outside  tube  is  equipped  wiUr  epecial  fittings  to  accept  tne  transducer  end 
wilti  lni«t  and  outlet  port*  for  the  riui><.  the  erat  caps  are  machined 
pieiLgaa'is  and  are  clamped  ontc  the  ei*.a  emans  of  four  i2*-long,  lhre.Me’ 

5/lb"  bars,  mlectrical  connections  to  the  eioctrodes  are  suae  through  the  a-sS 
caps. 


Eince  the  transducer  is  designed  for  wsr  at  aurlio  frequencies  and  since 
the  fluid  pr^aabiy  would  not  be  able  to  folio*  vlbratlor.*  beyond  a  few 
UtousanJ  cycles  per  s'lcomt,  a  stand*rt  audl.>  oscillalnt  and  amplifier  were  used. 
ta-*.»ctlona  were  suds  Into  the  power  output  stace  of  the  ampiirier  since  the 
voltage  i>avv(ur«*  wlilch  appeared  Vhtr*  wer*  (deally  molted  to  the  operalivn  of 
the  eievtrudss  >  the  {umgt. 


The  voltages  ootiined  in  the  einp"<fier  p'-oducect  an  c.  fieic  un  the  order  of 
10,000  volts/inch  In  the  fluid. 

The  fluid  used  was  the  one  recommended  by  W.  K.  winslow^  .s  the  one  which 
he  found  to  give  the  best  results,  activated  sillcagel  powder  in  kerosene. 

The  mixture  turned  out  to  be  a  very  thick,  soupy  Ijquii  which  caus^  considerable 
difficulty  in  handling.  It  would  flow  only  very  slowly  through  a  j/i"  glass 
pif'S  twenty  inches  long.  It  took  over  on  hour  to  fill  the  pump  with  the  liquid. 
‘fh«  power  source  was  then  connected,  but  even  when  tornea  up  to  full  output,  no 
motion  of  the  fl<iid  was  ooserved.  However,  it  was  also  noted  that  no  sound  was 
coming  from  the  transducer.  This  indicated  that  eit-er,  (1)  t>>e  transducer  was 
defect: Va.  or  (?)  the  transducer  was  operating  as  it  ahoaid  bu*  its  aisplacsmsnt 
was  '.o  small  on  amplitude  to  be  heard  or  to  ruve  onv  affect  on  the  fluid. 

In  order  to  get  a  displacement  of  tho  order  of  B.i.:nlt-de  which  was  required, 
it  seemed  that  it  woulo  be  necessary  to  uss  some  other  driving  system.  The 
method  decided  upon  was  the  following t  A  thin  copper  diaphragm  was  soluercd 
across  the  transducer  opening,  fhe  center  of  this  diaphragm  was  connected  by 
a  rigid  link  to  the  center  of  a  ..oudspeaker  eons,  so  that,  whan  tne  speawsr 
was  driven  uy  the  amplifier,  it  would  Cause  the  diaphragm  to  vibrate  and  move 
the  fluid,  the  pump  was  refillad  and  connected  co  he  amplifier.  This  time 
the  vibrations  ware  aodibla,  but  still  the  fluid  w  «.-i  not  move. 

It  is  difficult  to  sxflain  why  the.davies  would  no'.  work  satisfactorily 
sines  acco  ding  to  saversa  reftrences*’  ths  tffcct  exist  and  it 

meaaurabls.  thf  difficulty  seoms  to  be  in  the  :luid  usci,  .Ince  the  fluids 
used  by  ‘sinslow*  ere  of  low  viscosity  ono,  'ndeeo,  he  r<coiiiMi.ds  low  viscosity 
fluids.  However,  the  only  fluid  which  he  recommends  specifically,  the  one  used, 
turned  out  to  luve  a  high  viscosity.  iMs  high  viscosity,  in  edditlon  to 
ceueing  high  resistence  to  motion  of  the  fluid,  elso  allows  the  enthspisent  of 
aewll  air  bubbles  throughout  the  fluid.  Ihtse  bubbles  m«kt  the  fluid  coaprtssiblt 
instead  of  being  incoepreseible,  so  that  the  chai^ec  of  preeture  induced  into 
the  fluid  are  absoro>^  oy  the  air  aubblee  end  ere  not  transmitted  throughout 
the  fluin.  Thus,  even  though  the  particular  arraAe****tt  wh'.cn  wes  ried  d<d 
teit  work,  there  is  *  good  chance  that,  with  a  better  fluau,  the  s-.ae  pucp  and 
driving  eyst«(m  wisx  give  useful  results. 

If  the  experiment  hu.  operated  satltfectorlly,  the  foilowlt^  'ett»  were 
punned  I 

fireti  Heesureemnt  of  the  affect  of  drtvlnf  voltaic  .d.i  the  .. aiiOducer  onuyO.* 
on  the  elertr«Jes>  on  output  pressure  difference. 

Secondi  fhe  effect  <'r  phase  differences  between  the  transducer  collate  and  ih* 
electrode  eoiuge. 

Third  I  The  relationship  between  pressure  and  flew  rate. 

fourth  I  fh-  affect  of  driving  frequency  on  pressure  and  flow  rate. 
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✓PLEXIGLAS  END  CAPS 


Section  6 


i!lj!£TRCaMGN£TlC  INDUCTION  PUMPING 


6-1  Introauctlon 

The  induction  pump  is  closely  reLited  to  the  ordinury  induction  motor. 

Its  greatest  itdvant<ftge  over  other  forms  of  rndgnetoh^arodynaniic  pumps  arises 
because  no  electrodes  are  necessary.  In  this  pump  a  travelling  magnetic  field 
interacts  with  the  current  it  induces  in  tl.e  fluid  and  a  body  force  results 
which  iwis  a  compenont  in  the  direction  of  the  desired  motion  oi  it'>^fluxd. 
induow.^ori.  pumps  have  been  used  to  pump  coolants  in  nuclear  reactors'''.  In  the 
study  by  Blaks  several  geometries  are  considered  and  core  experimental  data 
are  presented. 

a  detailed  study  based  on  the  equations  derived  by  Ha::rif.^  treats  the  effect 
of  magnetic  field  fringing  caused  by  pole  piece  separation  .  It  is  concluded 
that  fringing  reouces  the  effic  ency  as  much  as  do  laminar  skin-friction  losses. 
However,  it  is  assumed  that  flux  penetration  is  complets  and  later  it  is  con- 
cluoeo  that  electrical  skin  effects  are  negligible  Clearly,  induction  devices 
will  not  work  at  eeru  frequency  because  no  fields  currents  can  oe  induced, 
at  very  high  frequencies  all  ths  induced  fields  aud  currents  will  be  restricted 
to  regions  in  the  fluid  where  no  motion  can  take  place  because  of  the  no-slip 
bounoary  onoltlon.  dlnce  at  both  ents  of  the  frequers'y  spectrum  no  forci 
exists  to  do  pumping,  there  must  exist  an  optimum  frequci.-y  for  induction 
puagiing. 


6-2  Xttt  Fj^ow  Nodtl 

Since  the  flow  it  turbulent  the  simpiest  model  of  the  indur  ion  pump' 
atsumee  a  fiat  vslc'ity  prcfil-  Fvirthermore,  ikln  friction  bvtween  the  con¬ 
tainer  walls  and  fluid  are  neitltctea.  The  geometry  used  in  thla  investigation 
is  shown  in  Fig.  6-1.  Ihu  polyphase  winuings  are  '^rran-eu  vi  th  at 
X  ■  Hy,  the  aagnetic  flelu  in  the  y  oirection,  is  fWen  by 

y  •.  H,  Caj  (ttfi  -  /.y  J 

V6-1) 

Keglectltqi  heating  effects,  the  motion  wl  v.ie  slug  of  fluid  is  given  by  the 
haxwell  equations  and  Newton's  laws  of  motion.  The  Kaxwell  equations  art 


-  » 


(6-2) 


(6-3) 
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o 


(6-4) 


V-  H 


whero 

J  ‘(r(E*  XH^) 

(6-5) 

and,  E*,  H*,  J*,  n  .  c,  and  v»  ar«  the  electric  field,  ragnetic  field,  current 
density,  jier  eabillty  of  free  apace,  conductivity  and  velocity  of  the  metal, 
respvc  ■i  n.iy.  Newton's  Law  of  motion  is 


4 


Mm 

xx. 


L 


,  -a  -a 
(j  X  hi 


(6-6) 


Here  p  is  fluid  density,  P*  is  pretsure,  and  (J*  x  H*)y,  is  the  y  com(x>nent 
of  the  electromagnetic  body  force.  I(y  combining  (6-2),  (6-3)  and  (6-5)  fliere 
results  a  wave  aquation  in  magnetic  field. 


M.C- 


(6-7) 


Since  the  mechanical  relaxatiod  time  for  liqu.M  cetals  is  of  the  order  of 
px  /^is  (here  u  is  tne  viscosity),  it  ts  sssn  that  this  rela.'cation  tix.^  is 
much  greater  than  r.he  electrical  period  of  the  lowest  frequsnc*  used  in  the 
polyphase  coil.  Thus  we  are  interested  only  in  the  time  averages  of  velocity 
and  pressure,  then,  for  steady  pumping,  (6^)  hecoxes 


JP 

^7 


U**H  * 


where  P  is  the  time  averagod  presvare  and  f  is  the  exectrical  period, 
swgnetic  wave  equation  OeciMsss 

tH." 

y  J  ^ 


(6-6) 

the 

(6-9) 


Here  J  is  a  unit  vector  in  the  y  direction. 

if,  in  the  altematint:  current  stsaoy  stats,  it  is  assueed  t>'at  the  time 
Variation  is  sinusoidal,  then  a  phasor  eoiu.ion  ie  poesihle  in  which 
replawca  3/^.  also,  sines  the  excitation  is  of  the  form  H  R 
where  M  is  the  linear  current  density  per  jdt  t  dimension^’or  tL*  exciting 
vinoim:,  then 
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1 


—  *  .  A  ^  - 1 


(6-10) 


U^n  substituting  the  pimaor  quantities  Into  Maxi^ell's  squitlons,  ve  obtain 


(6-11) 


Ji>‘^  rJKH, 


(6-12) 


^  -JKH^  .  • 


Iquatioa  (^)  beeows 


(6-13) 


(6-14) 


uhere  Re  denotes  the  reel  part  of  and  iL  Is  the  eoeplex  conju^eate  of  H  .  The 
f  ceapooent  of  (6-12)  oust  be  coeblned  with  (6-13)  in  ordsr  W  eliminate 
dlt^dx.  Then;  results 


(6-15) 


The  solution  to  (6-15)  ehich  satisfies  the  boundary  condition  on  H^(x  ■  '  e 


H,  /m 

Caa/ 


(6-16) 


Hy  is  obtidned  dlrectiy  from  (6-13)  and  is 


j  k  H.  0,\ 

fi  /A. 


(6-17) 


From  (6-13) 


J  -  H,fr-K*)S]^ 

*  $  4  X, 

By  ths  use  of  (6-17),  (6-18)  and  suitable  hyperbolic  iimitities 


c^24^x~l^24jx 


(6-18) 


(6-19) 


where  Br  end  Bi  art  the  real  and  lAaginaiy  parts  of  B  respectively.  Integrating 
(6-19)  yi*’4s 

?•  f  1  H.Jx  •  V,  5^  M 

-X,  *  Ji<^  ^4vX.f 


(6-ao) 


dare 


/« 


Jl'^‘ ’J-  ^Aft./r,,‘  -»,! 

/  (S-v. ) 


Let  *  6  and  rearrance  (6-20)  which  becoaes 

iX.  ^ 


^  c*a^  jr.  C,*. 


fV-22) 


where  7C,  =  ,  /Cx  '  l~  y /Vf 

n-  ■  V  /ax  .  In  (6-22)  we  hav^  .....  ■  •  .sed  the  ratio  of  drivi  ng  pressure 
gradieRt  t8  maximum  magnetic  force  as  a  function  of  slip  and  frequency. 
Frequency  is  containea  in  all  the  parameters.  If  the  phase  velocity  is  fixed 
at  a  certain  value«  varying  it  is  equivalent  to  adjusting  or  o,  to  Vy  and 
to  frequency. 


The  ratio  n  has  been  maximized  for  various  values  of  Ihe  necess.try 

Values  of  and^^  are  given  on  Table  6-1  which  follows: 


"2 

”1 

"3 

(Jhijiij)' 

o.?;.. 

0.1 

0.025 

0.45 

6.67 

0.714 

0.3 

0.075 

0.45 

3.85 

0.714 

0.5 

0.125 

.  .45 

2.98 

0.7I4 

0.7 

0.175 

0.45 

2.52 

0.711 

0.9 

0.195 

0.40 

2.54 

Table  6-1  •  Optimum  Values  for  Induction  Pump 


The  electrical  skin  depth  6  is  defined  as  6 
definition 


(Vmu^o) 


\ 


Utwler  this 


U 

<r 


( ) 


4 


(6>23} 


and  Table  6-1  shows  that  for  optimum  ratio  of  pressure  gradient  to  applied 
smignetie  force  the  ratio  of  pusip  width  (2x  )  to  skin  depth  is  ■‘ot  sero  as  soee 
investigators  assume.  Instead  it  varies  from  about  13.3  at  0.1  slip  to  S  at 
0.7  slip.  Of  couise,  these  fxgures  are  subject  to  modification  in  order  to 
include  velocity  profile  effects. 


6>3  ibt  MIUMC  hodel 


The  effacte  of  the  veU.ity  profile  can  be  included  by  ao..a.>g  a  viscous 
tern  Vo  (6-6).  The  resulting  squation  is 


r  >e 


Apf  a  V  i'ii' 

as* 


The  equations  govemii^  the  flow  are  (6-24),  (6-2),  (6-3\  (6'4)  and  (6-$). 
However,  theee  equations  are  rather  nonlinear  atsi  probA;.>Vy  cannot  be  linearised 
because  the  nonlinearity  it  an  eseantial  factor  in  tha  optimum  flow  profile. 
Katner  t)>an  eolve  the  nonlinear  problem  it  le  poetiblc  to  replace  it  wlUi  - 
large  number  of  linear  problems.  One  such  scneme  considers  the  fluid  to  cdo.piise 
a  plurality  mov.-4  Latem  flw  plate  move  at  sli^tly  oiffaren*  elo.ities 
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unoer  the  propulsion  of  the  (J  x  B)  force  and  exe-^  forces  on  each  other  which 
are  proportional  to  their  velocity  aifferences.  If  a  sufficient  number  of 
plates  are  taken  the  nonlinear  pro>.  .c-  '<  :he  same  as  the  manifold  plate  modrO. 
Ihis  is  to  be  a  topic  of  future  investigation. 


6-4  uonclusion 

For  a  slug  moael  it  has  been  shown  that  skin  effect  canr.ot  be  v^ompletcly 
neglscteo.  This  is  certainly  a  reasonaole  result  bee. use  the  x  coepenent  of 
magnetic  fiela  and  the  z  component  of  current  density  produce  the  body  force. 
Both  of  these  quantities  are  induced  effect*  whose  strength  tends  t*'  increase 
as  the  3<i'  effects  aevelop.  So  in  order  to  optimise  the  design  of  in  electro- 
ma^nci.}*'  'asp,  tne  sain  effect  must  be  incluaed. 
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Section  7 


'hk  iijt-  jrc  ION  NcroR 


7-1  Introauction 


In  searching  the  literature  Tor  new  ways  to  ir.fj.i|ienr.e  tne  :iuw  cf  I'iuios 
the  contract  investigators  enccunlereu  a  orief  report"*"  concerr.irj  a  motor 
apparently  uriven  oy  ions,  this  report  cescrioea  a  rotor  .nich,  wr.on  situateo 
in  a  high  eaeclric  iiela  wouia  rotate  «ith  a  iargr  angular  veiocity.  oeein.; 
in  t.nio  rrtti'.  tne  pojjioility  of  cevelooing  a  seif-ccntaine.;  oieaectric  pun.;-, 
the  investigators  oegan  a  prelinlnary  analytical  ,tucy.  rnr  results  of  this 
sluoy  .nich  v.i"vl  oe  suaxoarisec  in  the  last  part  o:  thi;  section,  were  not 
t...  aca^ing;  it  is  tne  intent  o'"  tne  investigators  to  acanaon  I'urtner  work  in 
this  area  with  tne  writing  o^  tats  saction. 


7-2  veatfijf.uon  2L  AvParatus 

In  iyjo  o'Xtoto^  gave  note  in:"orc-»lion  on  the  onenos-enon  which  ne  first 
oescribea  in  i>}5>  ana  ne  rresenteo  experiitentaJ  evicence  later  in  the  sore 
year',  .ne  aevice  ne  uweu  for  his  exp erimentaa  ^ti.  consisteo  of  a  pair  of 
electrodes  locateu  astrice  a  nollow  class  tube  aU’O  with  a  lipuio  aielsotric 
atich  served  as  *.n«  rotor,  icx.erscu  in  a  Oath  of  liquid  aieleetric.  a  scner-^tic 
of  tne  arrangement  is  si.-an  in  figure  7-1. 

It  is  observed  tnat  wr.en  a  ale*eetric  cylinder  cf  hi.*f.  fereslitivity  and 
resistivity  is  pi*c«4  uetaeen  two  c.cta.  lectrooes  w.tlcn  art  irrerses  in  a 
poaar  dielectric  of  low  ,.<rrittlvity  it  tectns  tu  rotate  upon  a: ;  llcatia.n 

of  a  hign  U.  potenilaa  to  me  electrodes,  ff.e  direction  of  rotaiiun  s  ranacr 
aho  me  device  conrinues  to  rotate  in  the  ulrettion  in  whicn  it  first  suried. 
in  addition,  it  Was  noted  mat  me  starting  voltage  a-io  angula*  velocity  for  a 
give*.  VO. Cage  are  not  le.  rdSdcible  eA,»!irental  ;arac.*t«rs.  «ntie  :  reitcinary 
results  indicate  :  tat  ti.e  ,h«  .omensn  it,  to  a  certain  extent,  stati>tical  in 
fW.  ;ra. 


me  two  most  ttportani  rejairsr. «M»  for  tf.a  rotor  are.  •  ...gn  resistivity 
to  prwent  tne  .oior,  t.or.  g."  c.t.rge-.  ir.t  me  Jon  lay  r  whicn  fores  on  the 
cylinder  surface  an.  a  dielectric  con»ia‘.t  ir.  orcer  la  i*  • —a'^e  the 
distortion  of  me  e.ectric  f  uetween  « cyli.n.er  a.nt  t.ne  ..vtretes.  Swse 
tolios  at  iow  electric  fi*lo  strengtr.t  tiav#  uie.cctric  c.-nsta.nts  as  hip.*-  -■> 
several  tr.o.sano  out  a  more  V.pical  Va.ue  fo«  a  Li  >  .d  Iw.  howeva;  ,  .* 

nign  viOaeCt^ic  constant  rota*  can  oe  fatS.CateU  .y  Scaalng  a  .a, .ad  aav..  a': 
Water  k dielectric  cor.ttar.t  aoo.t  iiti  in  a  glatf  rotor. 

The  ph/sica  .  r«.(dir«u«r.tt  for  me  gieltctric  mcdiue.  are  .not  cu«d.leteay 
unwcrstviM.  idboto,  baseu  on  hit  experiser.taw  wore,  conc'-aded  that  polar 
livaios  hasino  uieaectric  onstanls  cetyeen  ace'-one  121,  aiw  cr.luroioix.  (S), 
having  reaislivst^es  Oeiwtcn  10*  ano  ojjh-ce,  cm  he  uteu  au-creotf'dlly. 


7-3  Tha  Mechanlgm  o£  Rotation 


when  a  hl^h  potential  differ  'c  ia  ipplied  between  the  parallel  electrodes, 
ions  carrying  both  poaitlve  and  negatxvv  charge  are  transferrea  between  the 
electrodes  giving  rise  to  a  conduction  current.  Because  of  the  polarisation 
of  the  cylinder  the  ions  form  a  layer  around  the  surface  of  th  cylinder, 
positive  for  the  aide  facing  the  positive  electrode  and  negative  for  the  side 
facing  the  negative  one.  as  long  as  the  interaction  butween  the  ion  layer  and 
the  electric  field  resiains  snail,  tne  resulting  torque  on  the  cylinder  is  not 
sufficient  to  cause  rotation. 

However,  ^f  the  interaction  between  the  field  and  the  ion  layer  is 
suffici^n^-ly  strong  and  it  is  no  longer  co-linear,  ths  cylind^'r  wi^l begin  to 
rotate,  'wtatlon  nay  be  initiated  by  designing  an  iSL^ycsetric  field  into  the 
deviuw  or  by  supplying  a  anil  initial  torque  to  the  roi-.r.  Ones  rotation  is 
begun  it  will  continue  provided  Ute  current  is  nslntainea  to  keep  ''p  the  pro¬ 
duction  of  ions.  The  rotor  accelerates  because  of  the  shi't  and  growth  of  the 
ion  layer  in  the  downstrean  direction;  this  action,  in  turn,  causes  an  increase 
in  driving  torque.  Steady  rotation  is  attained  when  tne  driving  torque  is 
equal  to  the  viscous  drag  acting  on  the  cylinder. 

Figure  7-2  illustrates  the  charge  disposition  at  any  tisM  aftsr  the  eylindsr 
has  attainsd  a  stsady  angular  vslocity.  Considsr  s  '  arbitrary  point  Y  on  ths 
surfacs  of  ths  cylinder.  *hen  point  Y  aoves  to  po  i.vt  n  P,  it  starts  to 
acciaulats  positivs  charge  until  a  mxjdmm  Is  attained  at  position  a.  as  point 
Y  nvss  bs.vond  position  •,  it  starts  to  lots  positive  charge  until  it  reaches 
point  P*  w  ere  it  starts  to  pick  up  negatlvs  charc«t  stu.irdng  ths  eoxietaa 
nsgativs  chargs  at  position  •*. 

Ths  ions  are  ec.isloered  to  (Mve  a  no  alip  Motion  while  they  are  sitting 
on  ths  aylinder  surface,  fhs  rate  of  deposit  and  withdrawal  of  Ions,  and  thsir 
distribution  it  hslieved  to  depend  on  the  perwlttlvity  and  reaistivity  of  the 
cylinder,  the  field  etrength,  and  the  angular  velocity  of  the  cylitkdsr. 


?-«  Sn  analvala 

Plret  we  consider  the  overall  effeetiveneai  and  efficleiK/  Ute  ion 
Motor.  The  effectivenese  of  the  sartor  It  the  saxImum  poceible  output  power 
divided  by  the  power  cupplied.  Since  the  only  portion  of  the  power  whicn  can 
oe  weed  for  puMping  is  that  due  to  convection  by  the  ion  transfer  .aiC.*tanise> 
deecribed  in  the  previous  part,  we  write 

IT 

’  I  V  '  X  (7-1) 

wne.e  2  it  the  convection  current  and  1  is  the  total  curr«'*.  duo  to  convection 
a/id  the^inltiei  conduction  current,  the  conversion  of  I  V  >o  Mechanical  power 
Is  governed  by  a  Mschanlcal  efficiency  given  by 


7-2) 

.*1 


f 

kr 


or  T 


Thus  th«  overall  offlclcnc/  tor  the  rotor-electrooe  combination  is 


L«il  ~  I  V'  Ic  V  °  I  i/ 


We  now  consider  the  probleji  of  evaluating  the  electric  fields  and  charge 
d'lnsities  required  for  calculation  uf  the  torque  and  angular  velocity  of  the 
dovlce.  In  this  section  we  will  merely  summarise  our  results,  since  tiny  are 
obtained  from  a  straightforward  application  of  the  jkitheswtics  of  electric 
fields. 

•e«,lecting  end  effects,  the  uniform  electric  field  between  a  pair  of 
oarr  '..*:*  electrodes  for  a  cylindrical  boundary  aS  iliu-  trated  in  Fi^'ure  7-3  is 


EH ''4  )((^6'3C.  -  .s  .®a,) 


The  distorted  electric  field  inside*  and  outside  the  rotating  dielectric 
cylinder  is  calculatea  by  solving  Laplace's  equation  in  cylinttrlcal  coordinates 
for  the  potential  distribution  ano  then  finding  i^e  gradient  of  this  potential 
field.  CaRing  into  account  tne  electric  field  ir.  ■«.!  by  the  ion  layer,  the 
electric  field  inside  tne  cylinder  is 

-A 

E,  *  E  (twv  6  -  S;.  o  J 


and  outside  the  cylinder  it  is 


Considering  a  control  turfece  on  the  cylinder  ond  a^lyan£  vne  principle 
of  conservation  charge,  the  'differeniial  equa'id)  for  the  charge  di3tri> 
bution  of  the  ion  layer  it 


?jr  -y  ^  r  K%  k,  ) 

<(e  vwf«C.t>f.lL  f, 


*1^  subacript  1  refers  to  tne  dielectric  while  the  svhscrip'.  2  denotes 

the  rotor. 


Neglecting  the  teraa  conUinln^  the  alelectric  const<int  of  the  mecliunt  as  being 
SAill  in  caqMriaon  with  the  die',  onstant  of  the  rotor,  the  particular 
solution  to  Equation  (7-7)  is 


I 


»  wt,,  5:^©] 

(wtr>  t  '' 
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c^(  e  -  f.  ) 


tuiero 
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(7-8) 

(7-9) 


The  interactions  of  the  ijn  lajrtr  with  the  applied  fi-\d  produces  the 
drivli^  torque  which  is 


T- 
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*K 

r  £trt,rdfi 


______ 


(7-10) 


The  convection  current  is  obtained  by  integratir^  .V^uation  (7-8)  for  the 
Charge  transferred  per  unit  tine,  which  is 


L 


2rb  €  e  C.vO 

’’[(Z^r'Trp' 


(7-11) 


The  frletional  torque  for  a  cylinder  of  radius  r  routing  in  a  concentric 
cylinder  of  radius  t/i  is  given  by  the  well-anown  espression 


T 

'f  '  V-  (7-12) 

(i^oa  equatiiqt  Kquatione  (7-lU)  and  (7-1?)  the 
•ay  be  obUined  so 


The  results  of  calculations  suoe  with  these  equation*  g.ven  in 
fable  7-l>  in  general  the  perforsunce  of  the  Ion  eotor  1>  '.een  to  be  poor,  ea 
conventionel  eotors  offer  overall  erficivneiee  In  escees  of  ninety  per  cent. 

TO  convert  the  oarcheixical  erf.cit.ncy  given  in  Table  7-1  to  tbe  overell  efficitney 
given  in  hqiMtion  (V-il  would  require  knowledge  of  the  effectivoneas;  thia 


steady  state  ar.r'‘'<'r  velocity 


(7-13) 


quantity  may  not  be  evaluated  without  experimontdl  determination  of  I,  the 
total  current.  Table  7-1  also  indicates  that  while  the  i.nput  power  is  small, 
the  output  torque  and  power  are  '  '  -i mi  ted. 
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Nomenclature 

a  ■  unit  vector  1«.  tl:  *'  .mal  direction 
n 

a  ■■  unit  vector  in  the  tangent  direction 
t 

b  “  length  of  cylinder,  m 

£  “  electric  field,  volte/m 

t.  ■  field  distortion  constant,  2K2l^/(l^^ 

I  ■■  convection  current,  anpe 

c 

I  “  total  current,  convection  plus  conduction,  amps 

K  ■■  dielectric  constant 

1  ■■  distance  between  electrodes,  m 

r  ■■  radius  of  cylinder,  n 

t  ■■  time,  seconds 

t  *■  relaxation  time,  pt,  seconds 

r 

T  •  torque,  dyne-ca 

7  "  potential  difference,  .cits 

or  •  relaxation  angle,  mt^,  radians 

Y  “  point  of  interest  on  rotor 

f  «•  {/ermittivlty,  farad/n 

c  •  perstlttivlty  of  free  space,  f»rad/n 

0 

•  effectiveness  of  motor,  I^V/(IV),  per  cent 
-  mechanical  efficiency,  ^T/ll^V),  per  cent 
■"  efficiency,  mT/dV),  per  cent 

6  •*  angle  measured  from  the  uniform  field  line,  radians 

It  ■  viscosity,  poise 

u  ^  2.U1... 

p  lasistivity,  ohm-e 
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a 


-  chdrge  density  of  ion  layer,  couxomb/m^ 
9  “  tAn“^  er 

“  “  angular  velocity,  rod/eec 

Subscripts 
1  *  the  nediuiB 

“  the  rotor 
n  “  nomidl 

t  ■  tangent 
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Table  7-1 


The  Theoretical  Performance  of  an  Ion  Kotor  as  a  Function  of  Angular 
Velocity 


1 00 

200 

3  0C 

a 

rad. 

0.44 

0.88 

1.32 

I  T . 

dvne-cm 

1180 

1650 

162  0 

j 

'c 

amp. 

wy 

watts 

.01  18 

.033 

.0486 

Hi 

.0482 

EBSI 

.09  5 

2. 

— 

Vo 

4  1.5 

51,2 

£  =  0.0  2  m  i!  =  1 0*  iim 

r  =  0.008m  K,  =  5 

b  =  Q08m  J^  =  80 

V  =2  *10^  volts 
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POSITIVE  ELECTRODE 


NEGATIVE  ELECTRODE 


X 

Op :  UNIT  NORMAL  VECTOR 
:  UNIT  TANGENTIAL  VECTOR 

Figure  7-3 •  location  of  th«  Unit  Vectors  on  s  Cylindrlcsl 

Inasrtsd  Bstwssn  Plane  Parallel  Electrodes 


Section  8 


INFLUliJICE  Oe  A  nAGNi'.'’’Tr.  VThJD  ON  TH£RMOELEC'iRIC  COOUNG 


8-1  MrslvaltgR 

The  r«cent  indlcatas  a  growing  interest  in  applying 

augnetlc  fields  to  certain  semiconauctora  in  order  to  enhance  their  usefulness 
in  thensoeleetrlc  cooling  devices.  The  technique  of  applying  magnetic  fields 
to  saiBlconductors  was  originally  conceived  as  a  i&eana  of  learning  irore  about 
the  solid  state  parameters  of  a  siaterial.  The  oiost  recont  work,  however,  tias 
been  directed  toward  finding  a  way  of  improving  the  figure  of  merit  of  a  material 
in  order  .0  ijqprove  its  thermoelectric  usefulness. 

In  ojrder  to  place  the  work  done  on  this  contract  in  proper  perspective, 
we  will  briefly  review  the  principles  of  thermoelectric  refrigeration. 


8-2  Thenwelectric 

When  the  ends  of  two  dissimilar  matsrials  are  joined  together  and  an 
electric  current  Is  passed  through  the  Jvinctlon,  i'  is  found  that  hsat  may  be 
pumped  from  a  low  temperature  reservoir  to  a  high  .  .Vdr^ture  one.  It  is 
obeerved  that  the  heat  resovtd  is  proportional  to  the  current,  ths  constant  of 
proportionality  being  the  Faltier  coefficient  for  the  combination  of  materials 
that  i^f  up  the  junction.  The  Fsltlar  coefficient  is  u'aflned  as 


n.«Q/£ 

From  the  second  Mlvln  relation  the  Peltier  coefficient  may  ba  defined  in  terms 
of  the  Seebeck  coefficient  as 


n  •  T  (8-2) 

The  performance  index  vnlch  Indicaite  how  well  a  •^frigeratlon  device  it 
working  ie  meaeured  by  the  coefficient  of  perforsk^nce,  ft,  and  ie  defined  ae 

8  •  /p  {.’-3) 

In  order  tc  find  the  coefficient  of  perforcanee  In  terms  of  material 
properties,  we  wii:  analyte  the  model  illustrated  in  Figure  8-1.  Our  model  a. 
aseumed  to  conaist  of  two  cylindere  of  semleondueting  materialt  In  one  leg 
charge  it  transporteo  by  electrons  and  is  designated  as  an  s-typa  material,  in 
the  other,  charge  Is  transported  by  holce*  and  ie  detlgnabed  as  a  £-type 
itaterlal.  We  will  take  the  following  ajsumptions  about  our  modeli 


*a  hole  ie  a  eon'-vt  ‘>*ed  tu  describe  .here  an  alectron  1«  not.  See  arv 
•tandard  rerer':aca<'  on  sc<*lconuuctorH  for  a  more  uomplat.e  uiplanatlor. 
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1.  Heat  transfer  takes  place  to  and  from  the  reservoirs  only,  which  are 

aaintained  at  tenperatm-  -  T.  an>'  T  . 

c 

2.  The  device  Is  perfectly  Insulated  except  for  the  ends  in  contact  with 
the  reservoirs. 

3.  The  Junction  resistance  Is  negligible  conparev^  with  the  bulk  resistance 
of  the  aims. 

A.  The  arms  are  of  constant  cross  section  along  their  length. 

3.  The  electrical  resistivity,  p,  theriBal  conductivity,  >.,  :ind  Seeueck 
"oefficlent,  or,  of  the  materials  making  up  ti;e  couple  ^re  constant. 

The  energy  that  la  removed  fixim  the  cold  reservoir  is  the  sum  nf  three 
separate  terms  as  follows t 

1.  The  Joule  heat  delivered  to  each  of  the  two  reservoirs  per  unit  time 

la 


1 

2 


(8-4) 


2.  1  e  rate  of  transport  of  sero-current.  hsat  bet««t'n  the  two  reservoirs 

Is  IbiT  where  K  is  the  thermal  conductance 


^  /i- f  )  AT 


(8-5) 


3.  The  rato  of  VeltKr  ha*i  absorbed  at  eacn  reservoir  la  simply 


-  •  -  Tallin 


(8-4) 


whore  I  Is  the  curie  -t  flowing  from  the  £  arm  to  the  £  ..u.  at  thv' 
Junell^in  question. 

In  order  to  evaluate  the  energy  removeo  from  the  cold  ressrroit  aitd  ‘.t 
find  the  coefficient  oi  perfortMnee  of  the  device,  the  three  terus  must  be 
summed.  Sines  in  ot  "  modsl  ths  current  flows  from  the  q  aim  t''  ‘he  o  are  at 
the  cold  Junction,  tne  sign  Is  rtvsrsec  from  that  givsn  in  Aquation  Ts-b).  Thus 
the  heat  removed  la  that  which  it  pusg>ed  out  by  the  Peltier  affect  minus  that 
which  flows  back  into  the  Junction  by  elmpls  conduction  an'*  the  Joulasi.  heat, 
thus 


Q.. 


-IT,  I  -  il‘R  -‘'Aj 

')3 


(8-7) 


The  voltiige  which  must  be  overcome  by  the  powe"  source  is  the  sirni  of  the 
Seebeck  voltage  set  up  by  the  teoperatui'e  difference  the  Peltier  effect  estab- 
lishesf  and  the  IR  drop  across  the  b.  y:  '* .  thus 


V-o/AT  t  IR 
and  the  power  input  is  simply  VI 


(8-8) 


p  >oil  at  T  l"R 


(8-9) 


Prom  Equation  (d-3)  we  may  now  find  the  coefficient  o!'  perfonktnce  by 
using  Equations  (8-9)  and  (8-7)  tr.  yield 


-i-f  *- 

■^AT  t 


(8-10) 


where  we  have  defined  a  new  variable,  f  *  TK/o 

The  smaller  the  product  kh,  the  larger  will  be  the  ecmfficient  of  performance. 
If  we  form  t'  e  hi  product  we  obtain 


K  R  -  [A.  r.  tx,  r, )  (p.  /), .  rs/r,)  , 

^  •  v\  •  vs* 

ly  takii^  the  derivative  of  IE  with  respect  to  end  setting  tne  restdt 

equal  to  sero,  we  fi.id  the  value  that  miatgiises  w  ° 


The  vaiua  of  KI  wSten  the  value  given  in  Equation  (d- 13)  is 

(K  R  U.  -  A , )‘  / 


being  thic  value  of  hi  in  Eq\tetion  (8-10)  .**i«lds 


^  rr-if-mT/* 
P  ’  I  A  T  W  ‘ 


(8-1?) 


(8-13) 


<5- 


(8-U) 


A 


when 


_ 

■*’{frApj*3  (8-15) 

it  called  the  figure  of  aerit  of  the  couple  which  will  produce  th*  okixiaiai 
coefficient  of  perfora<tnee. 

ne  Buy  uo.j  find  ih^  v^lue  of  f  which  oexiaises  8,  by  teking  the  d  erivwtive 
of  Kquiition  (8-.\4)  with  respect  to  f  end  setting  the  result  eqx'il  to  sero.  The 
results  o '  this  uperetion  ere 


es  T 

O-i  2  t  -  J 


(8-16) 


end  thus  the  optiaia  current  to  oe  supplied  to  the  device  is 


oi  at 

-1 ) 

The  k  xiaua  velue  of  the  coefficient  of  perfcisksnct  '*sy  he  found  by 
substituting  frfuetion  (9-16)  into  Iquetion  (6-le) 


$ 


,  .JL  f 

M  1  V  V  1 


(8-17) 


The  dirferenet  con  be  found  by  setting  the  derivetive 
with  rsspect  to  the  current  I,  of  the  host  punplng  rete  (fi^uetion  f  >-?)]  e<|uel 
to  sero  to  obtein  the  current  which  eexlskises  the  heet  pgwiting  i«-e 

I  ' 


This  result  »<y  be  substituted  into  ISi^uetion  (8-7)  Mtleh  asy  then  be  set  eduel 
to  sero  to  obUtn  the  tec^rutui'e  diffei'v.tee  «ith  the  -ptiMB  current 

flowing 

^  T  ’  R  ic; 


whi-th  eon  be  further  asjiiaised  by  using  the  isinieMB  vulur  if  the  II  prstduct  Ln 
the  Above  edustion  to  yield 


18-18} 


It  is  observea  from  the  above  ' ‘ r-u3:‘’.on  aiKl  Kquations  (3-17)  and  (8-18) 
that  the  larger  the  figure  of  merit  2,  greater  will  be  the  coefficient  of 
performance,  anb  t^e  itaxiiLum  temperature  difference  of  a  thermoelectric 
refrigerator.  Ure  ,  and  also  Smith  and  holfe^  have  deiaonstratei;  that  sub¬ 
stantial  impir^vements  in  tlie  figur?  of  merit  can  be  mide  by  application  of  a 
siagnetic  field.  It  is  the  purpose  of  this  investigation  to  explore  further  the 
dependence  of  certain  semiconductor's  properties  on  the  iMgnetic  flux  density. 


9«3  Iha  Aptiaratus 

there  does  appear  to  be  some  hope  in  improving  the  .-''rt'ormance  of 
thermoelectric  devices  by  application  of  magnetic  fieids,  it  was  decidto  to 
construct  an  apparatus  that  would  let  us  make  measurekonts  to  test  t  his 
hypothesis.  Ihe  apparatus  we  dtsigned  was  to  be  one  whicn  »-:b  siiple  to  build 
and  simple  to  operate.  It  was  designeo  to  collect  data  which  by  application 
of  Harman's  technique”  would  allow  one  to  findt 

1.  the  Hall  voltage, 

2.  tne  resistance  of  the  element, 

3.  the  thermal  conductivity, 
the  SeebecK  coefficient, 

3.  the  Peitier  tespcraturv  effects. 

thus,  ones  i  test  sasple  is  instailtc  in  ths  app.vratus,  a  .'onsiderabls  amount  , 
of  infontation  about  ths  tsst  slsmsnt  may  be  found. 

Figure  sheas  a  drawing  of  the  vacuum  ciumhsr  arrangement  which  holds 
the  specimmn.  the  vacuum  chamber  is  designed  to  fit  between  the  poles  of  s 
pera**'**'^  magnet*,  the  vacumr  chamber  can  be  evacuated  to  a  pressure  of  about 
10*^  mm.  hg,  which  pemits  mvasuremonts  to  be  made  up  to  temperutures  near 
37S  s  using  only  U.e  louleen  heat  of  the  element,  hy  eealing  off  the  vacuum 
connections.,  it  ia  v^o.alble  to  ini  the  test  chamber  with  s  llqulflel  gas  In 
U>  make  SMasureswnt*  below  room  temperature. 

the  current  leade  to  the  aeslconductor  sleo  support  the  e^v*-..  sochanicelly, 
so  that  the  wnly  co.wuctiee  heat  losses  from  ths  si  aments  outside  of  the 
current  leads  are  the  thermocouple  leads. 

Ihs  theimocouptea  consist  of  O.U)5  In.  dlaseter  ehhamsl  and  constanUn 
wires  Insulated  with  0.tk>l  In.  of  Teflon.  Ihia  vomblna.lon  of  Mvarlals  was 
selected  because  It  offers  good  resistance  to  host  transfer.  all 

leads  were  connected  to  the  element  by  means  of  s  slXeer-eonducti .e  epttSF: 
this  ktterlal  proved  ^  be  e<sq>letely  unsatisfactory  as  Its  resf’;*ance  was  as 
much  as  yj  times  tK  t  of  ths  teat  elesmnt  and  felJ  eonsldcrubly  short  of  havliui 
the  properties  claiawd  by  ths  manufacturer.  Ibst  slemente  ar«  noc<  being  nickel 
platou  and  connections  to  the  rteeanta  will  be  nude  with  soft  solder  In  the 


*lt  can  also  be  used  with  an  electromagne' ,  but  we  decided  to  keep  the  arrangsminl 
as  wlsf'lc  as  possi'  -t  fticlaiay  and  use  a  permanent  magnet  that  ws  aate-  iy  on 
hand. 


usual  fashion.  All  thsmocoupls  leads  are  electrically  connected  to  the  semi¬ 
conductor  and  can  also  be  used  fo.-  '  g»  measurements. 


A  Jig  has  been  constructed  to  hold  the  semiconductor  whi  .1  tne  leads  are 
attached,  a  schematic  of  the  test  settle  and  the  l>:>ads  which  are  attached  to 
it  are  shown  in  Figure  8-3*  after  the  leads  are  attached,  the  distance  between 
4  itnd  5  must  be  measured  accurately  using  an  optical  comparator.  This  measure- 
meitt  is  known  as  L*  and  la  used  in  making  the  resistance  cslculationa.  The 
tent  rig  has  built  into  it  an  aligning  disc  which  is  used  to  position  the  semi- 
coiW'Jctor  so  that,  the  width  dimension  is  parallel  to  the  magnetic  flux  lines. 
Tlie  thermocouple  and  current  leads  are  leo  out  of  th*  vacuum  ct<a(i>b«r  by  means 
of  StujMl.iff  connectors. 

The  Vacuum  chaadtter  is  then  mounted  inside  of  a  plywood  box  an'c.h  has  ■ 
peg  board  front;  the  front  of  'ne  box  servos  as  a  siidtchiu:  area  for  connecting 
InatrmMntatlon.  The  box  alao  tends  to  isolate  the  experimental  arrangement 
from  drafts. 


^  Htt  flua  iflftijfaJLi 

Karly  in  work  we  devised  a  scheme  which  1  .  todifleation  of  the  one 

given  hy  Harmaii  to  ylelo  the  information  which  is  re-iuired  to  detect  the 
influence  of  the  msgiMtic  field  on  the  material  proparties.  We  are  primarily 
interested  in  detscting  ciaanges  in  the  figure  of  a»rit  a  single  material 
which  is  defined  as 


Z-'^'/pK 


(«-i») 


Ut  us  consider  the  moeei  depicted  in  Figure  S-i  where  <e)  denotua  the  seml- 
cooduetor  and  (m)  the  current  ImAs, 

Tne  total  enerey  ''lux  Into  the  cold  Junction  can  ba  arltten  s< 


t 


(  % 


Us  \  I 


x.-L/, 


and  similarly  fur  Uw  not  Junction 


(d— 


UsT^  1 

Am 


-  X  dll 

*  aim  i  X  •  a  i/j 


(«-21) 


A‘‘ 


Fourier's  law  of  heat  conduction,  says  that  in  th<^  steady-state  tne  heat 
out  of  the  element  mus  .  equal  x,.  -i  into  the  elei&ent  plus  the  heat  generated 

in  the  element 


MX-  ^  ° 


idth  the  boundary  conditions 


T  ■  T  at  X  ■  -1/2 
c 

T  -  Tjj  at  X  -  +V2 


he  find  as  a  solution  to  Sq'^ation  (8-22)  and  its  bounds.- y  conditions 

T  -  a  Ih-T;  ^  ,  IntT.  L 

'  ■  i-  -2' 


and  at  X  ■  -l/2 


Jr  lYi  L 


and  at  X  ■  +i/2 

jt  ir^L 


T  'T 

’H 


Th‘T. 


SubBtit\iting  Kquation  (8-24)  into  (3-20)  we  obtain 

^  .  I’Jk.L  -  ^  (r  .T  ) 

6c  A  XAl  L  ' 

and  substituting  biqvution  (6-25)  into  vo-2l)  one  finds 


(8-22) 


(8-23) 


(8-24) 


(8-25) 


(8-26) 
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(8-27) 


A  slaiiar  set  of  equations  can  be  developed  for  the  current  leads  to  yield 

’  ^  -■  ’  -T- ' 

A»  2  A. 
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(8-28) 


and 
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oLm  Th  I 
Am 
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^Ai. 


Applying  the  conservation  of 


energy  to  each  junction,  that  is 


(8-29) 


‘’Hm  "  %d 


and 
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CB 


q 


CB 


Me  obtain  for  the  hot  Junction 


(8-30) 


and  for  the  cold  junction 


fAk). 

A1  / 
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(8-31) 


Coablning  Ifiquatlone  (8-30)  and  (8-31)  jrlalde 


-(t- 


J  A 


(«-3i; 


If  the  current  leade  are  Bade  of  a  eo—on  Baterlal,  than  the  theraal 
conductivity  of  that  naterlal  la  generally  knom.  HcMever,  an  everlaentally 
detemlned  value  can  be  found  by  tiaalng  the  eaaple  mIUi  an  AC  voltage,  in 
Mhich  eaae  ^ii  Equation  (8-26)  becwea 


'9 


I 


ro.  i 

2Al 


(q-33) 


and  Equation  (8-26)  becomes 


since  conservHtion  of  energy  requires  q  “  q^,  we  obtain 


(8-34) 


(8-35) 


(8-36) 


Ihus,  to  find  the  thermal  conductivity  of  the  lead  material  requires  that  we 
know  the  electrical  resistivity  of  the  seouconductor  as  a  function  of 
temperature. 


We  may  now  find  the  thermal  conauctivlty  of  the  semiconductor  from 
Equation  (8-32)  as 


\  - _  j  iJkUf )  [  0^  1  L-  A,., 

^  Z  A^~  A^J~  -2  HZ  (8-37) 

but  (T„  +  Tg)/2  ■  T  and  w  will  be  negligible  in  comparison  wit)i  •  .  ,  r-> 
Equation  (6-37)  oey  be  approximated  by 


A  ^  ^  ^  T  ^  Aa. 

^  >4^  ^7  "  2  (8-39) 

which  is  the  sure  as  Harman's  result  except  for  the  lead  tarns. 

In  order  to  determine  the  thermal  conductivity  by  Equation  (8-36)  it  is 
necessary  to  know  or  and  p  .  The  latter  quantity  can  be  determined  by  AC  measure¬ 
ments  but  the  fair  rsquifes  hoth  hC  t  nd  bC  measurements.  These  usasu-ements 
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In  order  to  maintain  consistency,  it  is  necessary  to  measure  all  voltage 
drops  with  thermocouple  leads  of  t.'^"'  same  'oaterlal  -  that  is  all  voltage 
measurements  must  be  nbde  vdth  either  c;  mel  or  constantan  leads,  for  example 


^  Ci(VuV)  +  Vuco)}-'/L.aoJ  t  OH 


The  sign  of  the  Seebeck  coefficient  depends  on  whether  or  not  the  Seebeck 

cooffioiort  is  plus  or  minus.  Note  that  the  average  DC  voltage  drop  must  be 

found  by  taking  reaaings  with  the  current  going  in  both  directions  in  order 

to  eliminate  the  thermal  iilhF  Induced  by  the  Peltier  cfi'c''t  at  the  junctions. 

V.  la  the  voltage  drop  measured  >>nder  aC  conditions  at  ti>e  averago  temperatuie 

of  the  element,  i(T„  +  T  ). 

n  C 

The  figure  of  morlt  can  now  be  calcinated  from  the  thennal  conductivity, 
Seebeck  coefficient  and  electrical  resistance  of  the  element.  This  analysis 
has  neglected  radiation  and  conduction  heat  transfer' to  and  from  the  element. 
Hancan”  has  indicated,  however,  that  such  effects  are  generally  considered  to 
be  negligible  at  or  below  room  temperature. 


8-5  Results 

As  of  the  date  of  this  report,  final  reassembly  of  Me  apparatus  Is  nearing 
completion.  Problems  associated  with  the  silver  conductive  epoxy  resin  caused 
delays  not  anticipated  In  the  original  scheauJ.ing  of  the  experimental  work. 
Preliminary  work  done  on  samples  before  the  epoxy  problem  became  critical 
Indicate  that  changes  in  properties  caused  by  application  of  the  oagnetic  field 
will  be  significant. 
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Momenclature 

2 

K  ■■  areaj  cm 

6  *  magnetic  flux  density,  gauss 

f  ~  IK/o,  degrees  C 

1  ~  cvirrent,  amperes 

K  *’  thenual  conductance,  watts/’c 

t  *  lead  length,  cm 

L  *  sample  length,  cm 

L*  *  distance  between  thermocouples  U  arid  5,  cm 

P  •  power  Input,  watts 

q  ■■  heat  transfer  density,  watts/cm 

Q  ■  neat  transfer,  watts 

R  *  electrical  realstance,  ohms 

T  *  temperature,  degrees  K 

f  •  average  temperature,  1'^),  degress  K 

V  •  voltage 

X  *  coordinate 

2  ■  figure  of  merit,  (degrees 

»  ■  deebeck  coefficient,  volts/’c 

0  ■  coefficient  of  performance 

Y  *■  ratio  of  area  to  length,  cm 

\  *  then  .1  conductivity,  watt/c«>^C 

n  >  Peltier  coefficient,  watts/smp 

electrical  resistivity,  ohs-cm 


P 


Subscripts 


a 

JX 

dibbi'snt 

c 

= 

cold 

CO 

- 

constantan 

cr 

- 

chromel 

H 

- 

hot 

ia 

--- 

ouiTont  l«ad 

max 

- 

nuixlmum 

min 

m 

miniffium 

n 

m 

due  to  electrons 

opt 

m 

optimum 

P 

m 

due  to  holes 

a 

m 

s  mple 

t 

m 

thermocouple 
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Y  :  CONNECTOR  FDR  EXTERNAL  RESISTANCE 

2  :  CONNECTOR  FOR  A-ViMETER 

A,  B:  VOLTAGE  DROP  CONNECTORS 

1-8 :  CHROMEL  CONSVvfTTAN  THERMOCOUPLES 


FVCor*  8-3  •  A  VhMMllc  of  Um  'ttt  U««  Location  of  th« 

tlMHioeouplo  Connoi.' lont  And  Cu'*ir«nt 
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Plgun  fi-4*  A  Plctorii^l  Rapr3sent<ttLon  of  the  MuthaButleal  Modal  Usad 
In  Dariving  tna  Property  Ral<itionships 


Figure  8-).  The  Kxpariawntul  Arr^'^amant  Uead  for  Mu«suring  the  daabacli 
Coafflcirnt  and  Elect rieal  Raalatlvily  of  the  Sanple 
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Section  9 


DW:ONT/tmv....  ''  UIELttCrhOFHOhr^lS 


9-1  Introduction 

Interest  in  finding  weys  to  remove  cont«mln«ting  particles,  on  the  order 
of  25  microns  in  disswtert  from  fluids  used  in  various  systems  Ims  groMt  to 
considerable  proportions  in  the  last  few  years.  Th.'s  gorwth  is  duo,  to  a  large 
extent,  to  th*  rrowing  complexity  and  sensitivity  of  systems  to  eontamlrtants 
which  a  few  years  ago  were  considered  tol.:able.  In  trying  to  find  ways  to 
removt  u.>e$o  unwanted  materials  from  a  fluid,  investigators  hav^  ■  '<ught  means 
of  body  forces  to  the  fluid-eontaKinant  t-iaoure,  which  would  result 

in  a  greater  force  being  exerted  on  the  contaBlnating  firtlclea  than  on  the 
fluid  and  would,  therefore,  ci'ntinuously  reouce  the  lorcert'-ation 
contaminant. 

There  are  two  electrical  forces  which  can  be  used  to  achieve  this  goal; 
electrophoresis  which  is  aiscur  led  in  Volume  III,  *lon  brag  Pressurlaatlon,* 
and  ololectrophoresis  which  will  be  considered  in  this  section.  The 
diolectrophoretlc  force  would  be  of  uee  in  reaovlrg  iMtter  which  polarises  when 
situated  in  a  dielectric  fluid.  Pohl^  has  set  fo.  .  in  a  very  clear  manner  the 
difference  between  dielectrophoresis  and  electrop.koraHis.  me  briefly  summarise 
nis  worn  here. 

Uleleetrophoresls  arises  becauss  of  the  tendency  of  noiarlsed  saterial  to 
move  into  regions  of  high  fisid  strei^th.  Its  salient  fcatc<^s  are  as  feUowst 

1.  It  produces  partlcit  motion  indtpendsnt  of  tht  direction  of  the  field, 
therefore,  aC  or  DC  voltages  aay  be  employed. 

2.  It  is  most  readily  observable  in  coarse  suspensions  -  '  at  it  with 
particle  oiameters  greater  than  2  miemr.s. 

}.  It  re^t^lres  highly  divergent  fields. 

t.  It  rei^uires  high  electric  field  strengths  with  fields  greater  than 
20U0  volts/«m. 

5.  It  would  be  most  apperent  in  fluids  with  low  vvseosity. 

(t.  It  generally  requires  a  large  dllfirenee  (C^  -  2  -  100)  in 

dielectric  constants  between  the  solvent  and  the^solute. 

7.  It  will  deposit  weights  of  heavy  conteadr^te  in  direct  proporttm 
to  the  voltage  applied  in  e^ual  tiams  Of  deposition. 

feleetrophoresis  arising  froet  the  clcclrosutic  sttrv  :lion  of  charged 
iMrticles  for  ittarged  eleetrodte,  cn  the  other  hand,  is  characterised  ty  the 
following  featured 

I.  It  pror:.«cj  particle  motion  khich  is  dependsnt  .ai  tne  dir  cti'M  of  the 
fietd.  Mvmraai  of  the  fiel-  reverses  the  direcUun  of  Irvvei  of  Um 
particles. 

iOO 


2.  It  is  observable  xibh  particles  of  ^ny  a.o.'eciil^r  size. 


3.  It  operi.tes  in  either  unif  r  •  vergent  fields. 

4.  It  requires  rel.itively  low  voltages. 

j.  It  requires  w  relatively  3i..all  charge  per  unit  volutte  cf  particles. 

host  of  the  worK  using  dielectrophoresis  has  been  concerned  with  the 
separation  of  powders  of  oirferent.  niale'-tric  constant:-  and  with  soee  Oatch 
separation  of  liquids^  2,3j4.  Jt  quj.  intent,  initially,  to  analytically 
explore  Uts  feasiuixity  of  using  dielectrophoresis  to  restove  csntosinants  as 
31^1  as  ticroni  froa  a  fluid;  this  worn  would  bs  followed  by  el:!:  '*  eiperl- 
Bonts  ccirer.U  to  verify  our  analysis. 


V-2  hesults  sL  ytl  t  reli&inary 

3inee  beginning  work  on  this  tubjert  in  opril  of  this  year,  w«  have  begun 
analytical  exoaiiwtlons  of  the  following  probleast 

1.  A  deteradrwtlon  of  the  gradient  of  a  non-uni fom  electric  field 
between  concentric  cylinders,  divergent  cone  .  'ie  cones,  concentric 
spheres  and  divergent  pistes,  these  problsa.  ar«  iaportont  because 
the  oielfctrophoretlc  force  depends  on  the  gre-jie.^t  of  the  electric 
field  rsU.er  than  the  field  strength  itself. 

2.  the  force  acting  on  e  spherical  particle  in  a  non-uni  eiecwrie 
field. 

3.  the  oyr-oaict  of  >  i-erticie  in  *  hydrostatic  field. 

4.  the  dotion  of  e  particle  in  a  force  field  contieling  of  en  lectric 
force  end  viecous  urog  force,  fhe  results  •>'  this  onaiysi*  is  a  second 
order,  Ihirt  degree  di fferertial  equation,  requiring  in  ell  likelihood, 
a  noeerical  solution. 

5.  A  consideration  of  Uw  Sagnttude  of  the  hognus  effect  in  -  raoue 
conteai'wnV-iiuio  sustures  In  order  to  oeietuar.e  uoter  which  conditions 
auet  this  force  be  token  into  account  in  dieieclrophoretie  *-  s">*ion. 


y-)  am  fmnwa  £s£  its  Ifauv  Jm 

In  the  nekt  phae'  of  our  work  we  hope  vs  coaplete  the  analytical  work 
started  and  discussed  ii  dectien  9-2.  in  addition  we  nope  to  deelg.  on  expsri- 
asntai  ap|<arulus  whici.  «n-4ld  allow  ue  to  begin  the  verification  of  vheorwtieel 
woru  done  by  olhere  in  thie  area. 
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Section  10 

AlTfiNIMTION  OF  '  SURGES  BY  TrtPKfiFU  PIPES 


10-1  Abatraet 

A  tapered  pipe  changes  the  gtignitude  of  Ispressed  pressure  of  vol<<ine  flux 
pu.'.aest  much  as  an  electrical  transfot-oer.  It  alao  diatorts  the  pulse  shape, 
depending  on  the  geometry  of  the  taper. 

In  tills  section  an  analysis  1)  nude  of  the  propagation  of  a  short  pulae 
of  volume  flux  through  an  Invlscid  liquid  that  la  initially  flowing  at  a  con- 
sta^t  Mt  }.  Such  a  pulse  would  result  in  practice  if  a  v^lve  at  the  discharge 
end  ol  tile  tapered  section  were  suddenly  closed  then  suv^Jenly  opened.  It  is 
shown  that  a  correctly  oriented  taper  can  reduce  the  resulting  sur?*  pressures^ 


10-a  Introduction 

If  a  valve  at  the  end  of  a  pipe  through  which  fluid  is  flowing  Is  suddenly 
closed,  a  pressure  wave  is  produced  which  propagates  upstream.  The  ncignitude 
of  this  pressure  wave  may  be  very  great  and  cause  “"lage  to  pipe  and  fittings. 
This  can  be  a  particularly  serious  problem  in  plp<  I'.-u  s  used  to  trunsptrt 
cryogenic  liquids  because  metals  may  be  brittle  at  low  temperatures  and  subject 
to  fracture. 

The  purpose  of  this  section  is  to  analyse  the  efievt  cf  tapering  a  section 
of  the  pipe  in  order  to  rsiucs  the  magnltv  e  of  the  surges.  At  this  time  only 
surges  (or  "pulses")  of  short  duration  will  be  considered!  we  hope  to  cany 
out  an  amlyaie  of  lonx  duration  pulses  at  a  later  date.  The  present  work  will 
apply  to  pressure  pulses  that  result  when  a  valve  is  suddenly  closed  and 
suddenly  reopened  after  a  short  interval.  Paynter  and  fisekiel^  swdv  an 
approxlMte  analyeie  of  the  tapered  pipe  by  breakli^  it  into  eevwral  uniform 
eectione,  but  thr  pt wsent  analyolt  is  more  exact  and  ehows  that  the  ehape  (or 
dlotorticn)  of  the  pulses  depends  on  the  particular  way  the  pipe  i  tapered. 

The  liquid  is  assumed  to  be  Inviecid.  (We  hope  to  remuvw  vi.j-c  assumption 
in  subsequent  work.)  The  analysis  also  assumes  one-dim nsional  flow,  which 
restricts  it  to  tapered  pipes  in  which  the  ehangee  in  the  lateral  dimension  are 
email  compared  to  the  eorreepc ‘ding  changes  in  length^.  A  rlgia  ;  Ipa  as  also 
assumed. 


10-3  flaeie  Liuatlof^^ 

The  flow  of  c  compreesibie  invlscid  fiuid  is  completely  described  by  the 
rolIowif^{  equations  I 

Ittler  -  -yp 

'  T>  t 


-03 


UO-i) 


Continuity 


Stute 


K 


(10-2) 


(10-3) 


whfti’e  y  a3  the  fluid  velocity,  p  is  density,  t  is  tijse,  p  is  pressure,  and  K 
is  the  isothensal  bulJc  compression  modulus. 


Ihe  usual  acoustic  apprcjdmation  will  be  made:  i.e.,  the  convective 
acceleration  is  negligible  compared  to  the  local  acceleration  and  the  variations 
in  density  are  smalP.  For  liquids  these  assumptions  are  vslid  for  all  reasonable 
fluid  velocities  (say,  less  than  40  ft/sec)  and  pressure  pulses  on  the  order  of 
thousands  of  pounds  per  square  inch^.  With  these  assumptions  the  axial  com¬ 
ponent  of  the  Euler  Aquation  (10-1)  becomes 


<PP 


(10-4) 


where  x  is  the  axial  coordinate  (Figure  T  -1),  p  is  the  mean  density  and  u  is 
the  x-component  of  the  fluid  velocity.  Since  one-dimensional  (plane)  flow  has 
been  assumed,  p  and  u  are  functions  only  of  x  and  t,  averaging  Equation  (10-4) 
across  an  arbitrary  cross  section  of  area  A(x)  thus  gives 


A? _ fi  Jf 

,>?c 


where  q(x,t)  la  the  volume  flux  at  x,  given  by 


(10-5) 


%  ^  fud A 

^  (10-f ) 

averaging  the  continuity  Aquation  (10-2)  over  a  cross  section  of  the 
channel,  and  utilising  the  equation  of  state  (10-3)  to  olimlnace  density  givee 


iZ. 

(iO.7) 
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SquatloRs  (10-5)  (10-7)  at-e  the  basic  equations  describing  pulse 

behavior.  Their  derivation  is  disc.,  .c"  iv  greater  detail  in  Appendix  I. 

Initially]  the  liquid  in  the  pipe  will  be  assumed  bo  be  flowing  at  a 
constant  rate  q^  in  the  negative  x  direction  (toward  the  valvs).  ihe  pressure 
in  the  pipe  will  be  assumed  to  be  constant,  with  a  magnitude  p  .  p  will  hence- 
fortli  be  regarded  as  the  difference  between  the  actual  pressure  and  p^. 

It  will  be  convenient  to  define  a  new  variable 


SLnce  q\x,0)  ~  -q^  the  initial  conditions  for  q  and  p  are 

q(x,0)  -  0 
p(x,0)  -  0 


(10-e) 

(l(V9a) 

(l0-9b) 


The  boundary  condition  at  x  *  0  is  that  the  flov  Is  suddenly  stopped  for 
a  short  time  T  and  then  allowed  to  res’ime  at  its  ini  >1  rate.  Thus 


q(0,t)  - 


t  ■  0 
0  <  t  <  T 


T  <  t 


(10-10) 


The  second  boundary  condition  is  that  at  x  *  L  the  tapered  pipe  is  terminated 
by  a  very  long  rigid  tube  having  a  constant  cross-sectional  area  A(L).  This 
boundary  condition  is  utlllssd  in  terms  of  the  acoustic  impedanos  ft  *  L. 


10-4  Solution  at  EgUotlons 

Equation  (10-8)  is  substituted  in  Equatl*.  i  (10-5)  and  (10-7.)  and  the 
la  place  transform  is  taken  of  the  resulting  squaticns  in  conjunction  with  the 
initial  conditions  (10-9).  These  operations  give 


d? 


ha 


(lo-li) 


c/Q 

dt  % 


-  csP 


(10-12) 


where  P(x,s)  and  Q{x,s)  are  the  Laplace  transf-rms  of  p(x,t)  and  q(x,t),  and 


_  Am 

K 

The  Ldplace  trcinsrorm  of  the  boundckr^  condition  at  x  =  0, 
is 

Q(o,s)  =  -!«('/_  c'^^) 

at  X  ■  L,  the  boundary  condition  is  shown  in  appendix  II  to  be 

where  Z(L,s)  is  the  acoustic  impedance  at  x  ~  L,  and 


ft. 

A(l) 


c^MhL 

K 


Ihe  most  convenient  form  of  the  differential  equations  ‘s 
differentlatirie  and  combining  Equations  (iCKll)  and  (lO-lS), 


-  J^sP 

J +  cs  Q  -  ^  ^  Q 

where 


(10-13) 

(10-U) 

Equation  (lO-lO), 

(lC-15) 

(10-16) 

(10-17) 

(10-18) 

ut  ^iineu  by 
..inc 

(:o-iv) 

(iu-:‘<'i 
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A  solution  vdll  first  be  obtained  for  Q  arJ  then  the  inverse  Laplace 
transform  found.  Using  this  solution  for  Q  in  conjunction  with  the  acoustic 
iiq:edance  a  soluuion  for  P  and  a.  s  ~  se  follows  easily. 

(a)  Volume  Flux 

Following  Stapelfeldt  a  solution  for  Q  of  the  fom 


Q  =  c 


is  assukedj  which  when  substituted  in  Equation  (ll-iO)  gives 


(10-21) 


This  la  a  Rlccati  differential  equation  in  p 
of  the  power  jeries 


(10-22) 

which  may  be  solved  in  terms 


p  =  -tbo  b-t t-  •  ’  • 


(10-23) 


Substitu'  ing  Equation  (10-23)  into  Equation  (10-22)  d  equating  eoefflciente 
of  like  powers  of  s  gives 


b, « /nr 


>1 


[jlL' 

kJ3c*  S3  jf*  yc 


.id- 


(\0-24) 

where  m  *  ^1.  ■  ^i  corresponds  to  a  wave  traveling  5n  the  ^  direction  and 
■  >  -1  corresponds  to  a  wave  traveling  in  the  -x  direction. 

Since  C  is  an  arbitrary  constant  it  is  permisaible  to  take 

(10-25) 


Tlius, 


r '  ”  *ifji  -  i)<‘?  'if.  \ 
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(10-26) 


From  the  boundary  condition  at  x  *■  0,  Equation  (10-15) 


c^fO-c 


-S  Z  > 


(10-27) 


and 


Q(x,s)  =  ^(/-e  've 


(10-28) 


whe;s  the  superscript  +  indicates  m  "  -^1. 

The  acoustic  impedance  I  is  deilned  by 

P(-x,s) 

a«„ 

OlTferentiating  I  and  utilising  Equations  (10-11)  and  (10-12)  elves 


d-n. 


(10-30) 


uhleh  is  a  Klccatt  differential  equation.  For  a  solution  let 

Z  - 


^  JK  r.  >r  y 


£dL 

S 


(10-31) 


Inserting  this  series  in  Equation  (lu-30)  and  eqkstting  coefficients  of  like 
powers  of  s  yields 


z:  ->*1 


(10-32) 


where  •  •  tl  gives  U*e  i*p«dancc  for  a  ■  traveling  in  lh<  ♦x  dirertinn  .,t* 
■  -1  is  that  for  a  waw  traveling  in  the  -x  direction. 

The  «qvuti4n<»  for  '2  -nd  I  are  eoployed  to  detemdne  the  \>1ub«  flux  at 
X  ^  L.  Mote  that 


Q{L.^) 


qUl.$)x 


lot 


i 10-33) 


Ihe  quantity  *1(L,  a)/Q^ {L,  3)  can  be  expressed  in  tenns  of  the  ten&irvtl  acoustic 
impedance  Z(L,  n)  as  follows t  At  >  ' 


Q(^,^)  (^.  ^)  i-Q~ (10-3A) 

where  the  superscript  denotes  a  wave  traveling  in  the  -x  direction  (m  ^  >1). 
also 

Z  ^  P^U  -^)/Q'^U.s) 

(10-35) 


z'u.s)  -  p'(^^^)/Q~a.s) 

(10-36) 

Codbiiving  EqiMtions  (lU-34>(  (10-35)  end  (10-36)  gives 


Q  (L.s)  ^  Z'U.s)  -z 


In  terns  of  the  series  solution  for  d(x«  •),  Iq'Mtian  (10-32) 


(10*37) 


Z 

Z 


I  I  jl 

)  yff  *Z  fcc  j 


*f  •• 


(10-3«) 


F'«.  faqaatloos  (1>^),  (lO-3»,  (10-37)  end  (10-3«),  thw, 


(/¥ 

■ 

»mL 

I  + 


i(l4] 

- 1 

(/?  ■*>) 

1  * 

ji^'L  / 

(10-3?) 


.  IM 


where 


Fj,  a  )  = 


r  o 


■.  -C  ^  mJ 


P(i:-iAj  .)  -^  >  to 


(10-A7) 


^  Ji'' 


(l0-/*8) 


From  ohurchill^ 


y  "fH  =j.(>uT)^  f  4  u  (3f-  ^  ''‘Fn ) 


(10-49) 


whar*  <1  <t?.a  «l.  aro  baasal  functlona  of  oruar  taro  and  nr^,  Por  sitaII  C, 
eorraspondlng  to  short  puisost  the  bessai  functions  any  ha  aiuyindad  in  a  powar 
sarlas  ^nd  oolj'  tha  significant  tanas  raUiiwd.  fnus^ 


3-  ^  / 

F  7  /-a.i. 


) 


(10-50) 


tiia  quantity  (  J  -  fj  /m.'  )  in  V)Uatlon  (JiJ-'jO.i  sri-us  the 

clstorlion  rnmun*.  ‘.r.  'ha  pulsa.  “Of  si^'nificant  interest  from  th-  vclapolnt  of 
an  alactrical  arulOttua  it  that  tha  uistortion  inuicataJ  bv  Gt)u»tiun  (lo-SO) 
corrasponds  to  tha  "initial  slope  critarion*  that  I  ts  baan  us«u  to  evaiutta 
taiared  alactrlcal  transsiseior  Unas'**. 


aiih  tqji  aid  of  tiquition  (l<>-8),  bquatitxi  (l'}-46)  !a  put  t!*  ^enss  of  tl'. 
euiuSia  ri-tt  q( t;,  .*ein;; 


(o>  j 


9 

^  • 


(10-51) 


bqaatien  (10-51.'  i»  iiluairaieo  in  Fl;ar#  10-3  for  a(l)  >  a{0). 

ib)  ft  <-ara 


<  .t 


The  pressure  pulse  p(0,  t)  corresponding  to  the  valve  closui'e  may  readily 
be  found  from 


P(o,s)  =  Q  (O,^)  Z  Co, 3) 

(10-52) 

Fcir  t  <  21v'a  there  will  be  no  reflections  incident  at  x  “  0,  so  ii(0,  s)  «  Z^(0,  s), 
where  from  Equation  (10-32)  with  m  =•  +1, 


^  U'o,  5 ;  -74  /  -f rz  c  ]i 


(10-53) 


Thus,  with  Equation  (10-15) 


F(o.O’f.0-  e-^j  (iJZ  -  f  f .  4  j  .  -  )/ 


Taking  the  inverse  gives 


J*  f  O,  •(:  ) 


f  {EK.  ^  , 


at  X  *  L  the  pressure  awy  be  found  frota 


>(>  o 

(10-54) 


;io-5t) 


pf/,  Q(^  .s)  z  i  ) 


Co-..: 


4(4,  s)  U  given  oy  Liuation  (10-43)  end  4(L,  s)  by  Equatlor.  '.10-16),  (to-lf,, 
«M  (10-18>,  reaulting  in 


KA  To)  ; 

1  } 

(*) 

(10-57) 
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etna  the  inverse  is 


A(^)Afoj}  [ 


F^(-^)  ~  Fztt 


The  pressure  at  x  =  0  and  x  *  L  is  illustrated  in  Figure  10-3 


(10-58) 


10-5  0istoruio:i 

i'*’''  ?i^nteo  tops  of  q(L,  t)  and  ptX.,  t)  in  Firure  lC-2  aiv-  10-3  represent 
th“  aasiortion  produced  by  thn  te.pered  section.  It.  ’s  ^enertllv  only  a  saull 
change  in  the  pressure,  and  i.-  not  significant  where  tas  n.agni' udu  of  the  surge 
pressure  is  of  priite  Inportance.  The  distortion  cm  be  racterised  by  the 
slope  of  ths  pulse  as  given  by 


4  ^ 

<X 


(10-59) 


From  aquation  UC'-50) 


X  “  /  [4 


4 


(io.«>) 


and  \  Can  thu.i  be  ca:.iiy  calculated  for  any  taper  runstio.n  a(x).  For  exasplet 
if  the  taper  is  linear 


/4  (A  )-*  A.'o)  (  t-*-  ) 


(10-^1) 


«rKi 


®  I 

»  a  I 

Afi>) 


(10*6.' 


fhua 


A  - 


hL 


(3k>Li-2  ) 


I’l  >-6)) 
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10-6  Httenuatlofi  of  Jur<>e  PrcaoUtos 


Of  iiost  importance  in  the  design  of  liquid  transfer  lines  i the  inixin.um 
sur^c  pressure  that  wouIq  oe  transmitted  through  ihe  line  when  the  ilo*  is 
suauenly  stopped.  This  would  bt.  T  ’/*),  and  from  Bquition  (lu-i7)  this  is 


h.  * 

A 


K^. 

Au  )A(o) 


] 


>1 


(10-64) 


anl  is  indicated  in  Figure  10-3« 


It  is  p«rticalarly  important  to  compare  the  pressure  :’iven  by  &:{Uation 
(10-6a)  with  the  pressure  that  would  be  crvelopso  if  the  tapered  -.ection  were 
absen:.  aid  the  i-ine  had  a  uniform  civss-sectional  ai-ea  a(I.),  F.>t  the  uni  fort.. 

rir^^ 


p  ^ 

'i/Ui'/Jjr""  *  *  A  ) 


and  the  ratio  is  tnus 


(10-65) 


PU.K*) 


fxm 

«  4  (o) 


(10-66) 


i')Utti<Mi  (l'>-66)  »ta«»  it  evident  th. '  if  a  {.ii*  1»  to  b«  leirinutou  by  a 
juieh-elosini  valve  the  lurC"  preaiur*  can  te  drcrtaevc  by  a'rtln^  a  iaper*d 
sdcticn  that  h«e  the  larc«r  eod  at  the  valve  ta(L)  <  ayO)]. 


It  struald  alto  be  noticed  that  if  twrgc  preeiurte  anudlo  b-  eeiUatM  on 
the  batit  of  a  irlfone  cru-N-»ectio  i  pipe,  the  -a-tual  rre'»«r^"  •>'dld  he  greater 
if  a  valve  were  joint »  to  t.ix  ,ipe  oy  Mans  of  a  ii;v*eu  9-ctlon  and  the  tunller 
end  were  et  *ne  v.lva. 


iu-7  iiLKkaiaa 

fhe  «  outline  hers  la  not  auc  ieatv  to  describe  U>«  « laie  of  1q<'c 
iuraiidn  pdl«?»,  becadtv  these  contain  Isv-ffe^dtn.y  Feufi^r  •''•r 

which  ths  ^rwicateu  svfle*  aolutlont  In  ’  -.a*  Of  the  f • » •  are  not 
converjfent*^*',  uoaevtr,  tne  tnltiil  prea^ur”  f-r  ionj  ,tal?ne  is  the  %»am  4t 
for  thoM  ,  uixjs  (V  «  l/e),  so  h^datlon  (l4-ti,*  l»  tru»  f-r  my  hurafln**  *• 

Valve  clvsxlX. 

a  eunor  d  ficlency  of  the  cethou  le  that  It  doe*  tv»t  Vast  Into  account  the 
initial  drmouiii  pretture  variation  Ir  the  Upered  sect' on.  Ihit,  however,  it 
nv^jiijibl*  in  <.o«4.ari ison  with  the  eurct  pretsuret. 

hwch  work  r*  .11  rMkaiht  to  be  do-o.  Iht  effect  of  frlc.loh  thomld  be 
explores,  ali  ,  V.  thaie  vf  l.m;  i>ltet  thodld  be  invetti^teo  s  w*.!  at 
step  chanf*'-  i "!  flow. 

lU 
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Komenclature 


A(x) 

a 


b 


F(C) 

J 

J 

o 

K 

L 

A 


croaa-aoetionaJ,  ft 

velocity  of  wiv®  propagation,  Equation  (11-42),  ft/aec 

slope  of  linear  taper,  ft  ^ 

coefficients  of  power  aeries.  Equation  (11-23) 

constant 

A(x)/K,  Equation  (11-14) 

base  of  natural  logarithiha 

inverse  lakpl^ce  tranefon,  Equation  (il-;>3) 

invetss  Isplace  trnrisfora,  Equation  (11-47) 

coefficients  cf  power  series.  Equation  (11-31) 

integral  defined  by  Equation  (ll-'iS) 

Bessel  function  of  order  sero 

Bessel  function  of  order  one 

Isothemal  bulk  conpress'in  sodulus,  ib/ff 

length  of  tapered  section,  ft 

pyA(x),  Equation  (11-13) 


P(x,  s) 
pU.  t) 
Po 

Q(x,  •) 
qvx,  t) 
q(x,  t) 

% 

h 


-  +1 

•  lapiace  transfom  of  p(x,  t) 

2 

-  pressure}  also  pressure  rise  above  initial  pressure  p^,  Ib/ft 

2 

-  initial  pres 'ure,  Ib/ft 

•  Laplace  transfora  of  q(x,  t) 

•  q(x,  t)  +  q^.  Equation  (11-8) 

■  '/olvcis  flux,  ftVeee 
initial  voluM  flux,  ftV  see 

■  radius  of  pipe,  ft 

>  adUl  coordinate,  f* 
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8 

frequency 

t 

- 

tioe,  sec 

U 

m 

x-coqponent  of  velocity,  ft/sec 

V 

- 

r-coaponent  of  velocity,  ft/sec 

w 

- 

fluid  velocity,  ft/sec 

X 

ta 

axi'il  coordinate,  ft 

2U.  •) 

acoustic  inpedance,  Equation  (11-29) 

P  (x,  8) 

C 

X 

p 

•o 

T 


exponent  in  solution  for  Equtiion  (11-21) 
t  -  • 

•lope  of  pulse.  Equation  (11-59) 
density,  •lus/ft*’ 

•sen  density,  •lug/ft'^ 
durutloA  of  Mlve  closure,  see 
«  pertieuler  velus  of  tlM,  eee 


dupereeripte 

•  •  value  «t  X  "  I» 

■s  ••  w*«e  iiNivellAf  in  tx  direetion.  Also,  •  inoreawiul 

UBOuat  added  to  a  variadl* 

-  *  wave  travail in  -x  direetion 

Oilier 


.  jL 

dx 


U7 


Appendix  1 

For  convenience  in  developiiig  '  ione  (10-5)  and  (10-7)  the  line  will 
be  aesuBied  to  have  a  circular  croes-eection.  Thus  A(x)  “  where  R  is  the 
radius  of  the  cross-section  and  dA  ■  2nrdr,  where  r  is  the  radial,  distance. 

averaging  Situation  (10-4)  across  the  cross-section  gives 


SL-ice  i>  "  p(x,  t),  and  R  -  R(x),  Bquation  (10-67)  becpv.ee 


^  iX 


(10-67) 


(10-5) 


averaging  It^uation  (10-2)  across  the  cross-section  and  enploying  the 
assuaption  of  mil  density  changes  gives 


(10-68) 


where  v  is  the  radial  cosgionent  of  velocity.  Carrying  out  the  integrations 

yields 


(10-69) 

^  »(x,  t)  froa  the  ase«|»tlon  of  plane  flow.  Fro*  Flvu—  10-4>  which 
Indioatee  eendltione  at  the  wall  (r  •  R)*  it  is  evident  that 

I  (K)  ^ 

'u(ft)  “  (l^70) 


Sdftetitutlnc  thie  in  Squation  (10-69)  glvea 


From  the  Equation  of  state  (10-3)} 


Po 
~  Ic 


(iO-72) 


which  when  substituted  In  Equation  (10-71)  yields  the  desired  Equation  (10-7) • 


U9 


mm 


Appendix  II 

Fox"  a  rigid  tube  of  uniform  cross-sectional  area  A(Ii)  the  solutions  to 
lijquat'ions  (lO-U)  and  (10-12)  are 


P('x.s;  =  /4e 


-  S, 


+  B  e 


iJY~€'  ■< 


(10-73) 


*  ^  (10-74) 

where  A  and  B  are  constants  and  L  <  x  <  oO  .  For  an  infinitely  long  tube 
there  will  be  no  reflections,  and  B  must  be  sero.  Ihus,  the  acoustic  ijBped*nco 

is 


zrz..^; 


V(4.S) 


(10-75) 


In  electric  transBission  line  theory  J  6 '/c  '  •<**®*'"  *• 
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